ON ABA-GROUPS OF FINITE ORDERC(Y)

BY
MARTIN M. GUTERMAN

1. Introduction. If a group G contains subgroups 4 and B such that every
element g € G can be written in the form g=aba’ with a, a’ € A and b € B, then we
say that G is an ABA-group and write G=ABA. In this paper we shall determine
the structure of finite groups G=ABA in which 4 and B have relatively prime
orders, A is abelian, and one of the following holds:

I. B is nilpotent and A is its own normalizer in G.

II. B is abelian of odd order.

ITI. B is abelian and there exists an involution in B which normalizes 4 and
whose fixed points on 4 are contained in the center of G.

Groups satisfying these conditions will be referred to as groups of types I, II,
and III, respectively. The most interesting groups of type III are those in which the
given involution inverts the elements of 4. The simple groups PSL(2, 2*) are of this
form with A of order 2"+ 1 and B elementary abelian of order 2".

The main results of this paper are the following.

THEOREM. Every group of type 1 is solvable.
THEOREM. Every group of type 11 is solvable.

THEOREM. If G=ABA is of type II1, then G=A,B,A, x A;ByA; % - - - X A, B, A,
where

(1) Ay.cA and B.<B, 15i=n,

(2) A1B,A, is either trivial or solvable, and

(3) either AiBiA;=1,2<i<n, or A;BiA;~PSL(2,2™), m;=2,2<i<n.

It was known that 4BA-groups in which 4 and B are cyclic and either 4 is its
own normalizer in G, or 4 and B are of relatively prime orders, are solvable [7], [8].

It will be convenient to fix certain notation at the outset. If G= 4BA, then N and
B, will denote Ng(A4) and B N Ng(A) respectively. If G= ABA is of type I1I, then b,
will denote an involution in B, satisfying C,(bo) =Z(G). If H is a homomorphic
image of the group H, x € H, and K is a subgroup of H, then X and K will denote the
images in H of x and K respectively.

Let 4 and T be groups and suppose there exists a homomorphism
¢: A— Aut (T). Then we shall say that 4 acts on T or that T is acted on by A.
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For ¢t € T and a € 4, we shall denote ¢(a)(¢) by % If X and Y are subsets of 4 and T’
respectively, then Cy(X)={ye Y| y*=yforall xe X}, Cx(Y)={xe X | y*=y for
allye Y},and Y*={y* | y € ¥, x € X}. Note in particular that Y* need not be a
group. Note also that although A need not be a group of automorphisms of T,
A/C4(T) may be regarded as such. We shall apply all the terminology of groups of
automorphisms to A.

In all other respects, the notation and terminology used in this paper will be the
same as that used in [4]. All groups considered here are assumed to be finite.

2. Assumed results. We shall several times be able to utilize two recent classi-
fication theorems. We list these below together with lemmas covering the in-
formation we shall need about the groups PSL(2, ).

THEOREM 2.1 (FEIT-THOMPSON [3]). All finite groups of odd order are solvable.

This theorem will be used throughout the paper without specific reference to it.
In obtaining our results on groups of types II and III, we shall need the following
additional results.

THEOREM 2.2 (GORENSTEIN [5]). Let G be a finite group with abelian Sylow
2-subgroups in which the centralizers of involutions are solvable. Then either G is
solvable, or G/O(G) is isomorphic to a subgroup of PT'L(2, q) containing PSL(2, q)
where either g=3 or 5 (mod 8), ¢=5, or g=2", n=2.

LEMMA 2.3. Let H=PSL(2, q) and H,=PTI'L(2, q) where q=2", n=2. Then:

(1) H is simple of order q(q%>—1).

(ii) A4 Sylow 2-subgroup S of H is elementary abelian of order q. S is disjoint from
its conjugates. N(S) is of order q(q— 1) and contains a cyclic group of order q—1
which acts transitively on the involutions of S. Cy,(S)=S. If T is a nontrivial sub-
group of S, then Cy(T)=S.

(iii) H contains cyclic subgroups R, and R, of orders q—1 and q+ 1 respectively.
Cu,(R))=R,. |Ny(R)|=2|Ry|, i=1,2. If xe Rff, then Cy(x)=R,, i=1,2. R, is
disjoint from its conjugates, i=1, 2.

(iv) H,=HF with H] H,, F cyclic of order n, and H N F=1. F normalizes sub-
groups of H of orders q, q—1, q+ 1. If Fo<F, then a Sylow 2-subgroup of HF, is
abelian if and only if |F| is odd.

(V) If G is a central extension of H, then either G= H x Z(G), or H=PSL(2, 4),
G=Z(G)L where L~SL(2, 5), |Z(G) N L|=2, and Sylow 2-subgroups of G are not
abelian.

(vi) If H is isomorphic to a normal subgroup M of a group K in which Ce(M)=1,
then K is isomorphic to a subgroup of H, containing H.

LEMMA 2.4. Let H=PSL(2,q), H,=PGL(2,q), and H,=PTL(2,q) where
q=p™, p an odd prime. Then:
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(i) Hj contains a normal subgroup H,=PQL(2, q) such that H,2 H, and H,/H,
is a 2-complement in H3/H,.

(ii) |Hy|=2|H|=q(q%*—1). H is simple if g> 3. If g=3 or 5 (mod 8), then H,= H,
and a Sylow 2-subgroup of H is of ordzr 4. PSL(2, 5)~PSL(2,4) and PTL(2, 5)
=PGL(2, 5)~PTL(2, 4).

(iii) If x is an involution in H, then Cy(x) is dihedral of order q—d where
d=g (mod 4),d= +1.

(iv) H contains cyclic Hall subgroups of order (q—d)/2® where 2° is the exact
power of 2 dividing g—d. Two such subgroups of the same order are conjugate and
distinct conjugates have trivial intersections.

(v) If x is of odd order dividing q +d, then Cf(x)={he H | x*=x or x"=x"1}
is of order q+d. If x is of order dividing q—d, then C¥(x)=Cy(y) for some in-
volution y € H.

(vi) Sylow r-subgroups of H are abelian if r is an odd prime.

(vii) Let T be an elementary abelian subgroup of H, of order 4. Then Cy,(T)
=Tx F where F is a complement to H, in H,.

For proofs of the statements in Lemmas 2.3 and 2.4, the reader is referred to
[1], [2], [10], [9, Lemmas 3.1 and 3.3}, and [5, Lemmas 2.1 and 2.2).

3. Groups of type I. In this section we shall show that groups of type I are
solvable. We first establish some elementary facts about 4 BA-groups in general.

LemMMA 3.1. Let G=ABA.
(i) If H is a subgroup of G and A< H, then H=A(B N H)A.
(ii) N=A4B,.

Proof of (i). Let he H. Since G=ABA, h=aba’', a,a’ € A, b € B. Then
b=aha'*e BN H.

Since this is true for all he H, H=A(B N H)A.

Proof of (ii). Let x € N. It follows from (i) that x=aba'=a(a’)* " 'b. a,a’ € A,
be BN N=B,. Since be N, a(a’)*"* € A. Therefore x € AB,. Since this is true for
all xe X, NS AB,. Clearly AB,< N. Therefore N=AB,.

We next obtain information about the structure of =(4)-separable 4BA4-groups.

THEOREM 3.2. Let G=ABA with A abelian, B nilpotent, and (|A|, |B|)=1. If G is
w(A)-separable, then G=(ABy)T where T=(B N T)A<G. In particular, |G| divides
|4| | B|" for a suitable integer n= 1 and A is a Hall subgroup of G.

Proof. By induction on |G|. Let m=m(A). Let p € =, P be a Sylow p-subgroup of
A, and N*=Ny(P). Then ASN* and by 3.1(i), N*=A(B N N*)A. Suppose first
that N*<G. By induction, A4 is a Hall subgroup of N* and therefore P is a Sylow
p-subgroup of N*. Then P is a Sylow p-subgroup of G. Suppose next that N*=G.
Let G=G/P. Then G=A4BA. By induction, |G| divides |4| |B|™ for a suitable
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integer m=1. Since (|A4|, |B|)=1 and P is a Sylow p-subgroup of A4, p does not
divide |G|. Therefore P is a Sylow p-subgroup of G. Since this is true for all p € =,
A is a Hall subgroup of G.

Let T=0,.(G) and set G=G/T. Then G=ABA. Since G is m-separable, Cz(0,(G))
< 0,(G)[4, Theorem6.3.2]. Now A = A0 (G). Therefore 40,(G)=A(B N A0,(G))A.
Since (|4|, |B))=1, BN A04G)=1. Therefore A0G)<A. Therefore
A< Cx0,(G))=0,(G)< 4. Therefore A<IG. Let g € G. Then A°< AT. Now A and
A° are abelian Hall subgroups of AT. Therefore 49= A" with h € AT [4, Exercise
6.2). Therefore gh-t e N and g€ N(AT)=NT. Therefore G=NT and by 3.1(ii),
G=(4B,)T.

Let t e T. Since G=ABA, t=aba’ with a’, ac A, be B. Since te T, i=aba' =1.
Therefore b=a-'a’~*€e AN B=1. Thus aa’,beT. Since (|4], |T))=1, ad’=1.
Thus t=a’'~'ba’ € (B N T)4. Since this is true for all te T, T<(B N T)A. On the
other hand, since 7< G, (B N T)*<T. Therefore T=(B N T)".

If ¢ € T, then |¢| divides |B|. Therefore |T| divides |B|*~* for a suitable integer
nz1. Since G=(A4B,)T, |G| divides | 4| | B| |T|. Therefore |G| divides | 4| | B|".

THEOREM 3.3. Let T be a group acted on by a group A. Suppose T= D* where D is
a nilpotent subgroup of T such that (|A|, | D|)=1. Then T is nilpotent.

Proof. Assume false and let T= D4 be a counterexample of minimal order. Let
Ao=C4(T). Then A=A/A, acts on T, T= DA and CxT)=1. By replacing 4 by 4,
we may assume that C,(T)=1. Since T=D* and (|4|, |D|)=1, (|4|, |T|)=1.

We first show that T is solvable. Suppose that T has no nontrivial, 4-invariant
proper normal subgroups. Since T is not nilpotent, T is not a 2-group. Let p be an
odd prime dividing |T'|. Since (|4|, |T|)=1, one of 4 and T is of odd order and is
therefore solvable. Hence A leaves a Sylow p-subgroup S of T invariant [4, Theorem
6.2.2]. Let J(S) be the Thompson subgroup of S and M= N (Z(J(S))). Since
J(S) char S, J(S) is A-invariant. Hence M<T, and M is A-invariant. Since M is
A-invariant, M =(D N M)A, By the minimality of 7, M is nilpotent and therefore M
has a normal p-complement. Since p is odd, T has a normal p-complement K by the
Glauberman-Thompson Theorem [4, Theorem 8.3.1]. Then K char T and therefore
K is A-invariant. Hence K=1 and T=P is nilpotent, a contradiction. Therefore T
possesses an A-invariant proper normal subgroup H##1. Since H is A-invariant,
H=(D n H)“. Furthermore, A4 acts on T=T/H and under this action T= D4. By
the minimality of 7, H and T are nilpotent. Therefore T is solvable.

Suppose T has two nontrivial, 4-invariant normal subgroups N; and N, sych
that N, N Ny=1. Then, by the minimality of T, T;=T/N; is nilpotent, i=1, 2.
Hence T, x T, is nilpotent. The map ¢(x)=(xN,, xN,) defines an embedding of T
into T, x T,. Therefore T is nilpotent, a contradiction.

Let P be a minimal A-invariant normal subgroup of T. Since T is solvable, P is an
elementary abelian p-group for some prime p. Also T=T/P is nilpotent. Since T is
not nilpotent, T is not a p-group. Let 0’ #1 be a Sylow g-subgroup of T invariant
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under 4, g#p. Let 0 be a minimal A-invariant subgroup of Q,(Z(Q")). Then
O <T since T is nilpotent. Let U be the inverse image of Q in 7. Then U=PQ
where O~ O is an elementary abelian g-group, @#1, U is A-invariant, and U<T.
Since (| 4|, |U|)=1, 4 leaves some Sylow g-subgroup of U invariant. By replacing
Q by a conjugate, we may assume that Q is 4-invariant. By our choice of 0, 4 acts
irreducibly on Q.

Suppose U<T. Then U is nilpotent and therefore U=P x Q. Then Q char U and
therefore Q<IT. Thus we have P<IT, Q<IT,P N Q=1, and P and Q are A-invari-
ant. This we have seen to be impossible. Therefore T=U=PQ. Since T is not
nilpotent, it follows that [P, Q]#1.

Let C=Cy(P). Since P is A-invariant, C is 4A-invariant. Therefore C=Q or C=1.
Since [P, Q]#1, C=1. In particular, Z(T)=(Z(T) N P)x(Z(T) " Q)<P. But
Z(T) is an A-invariant normal subgroup of T. By our choice of P, Z(T)=1. Now
since D is nilpotent, D= D, x D, where D, P and Df< Q, xe T. Since P and Q
are abelian, D is abelian. Let t € C;(A). Then t®=t for all a € 4 and therefore ¢ € D.
Therefore td®*=t*d®=(td)*=(dt)*=d*t*=d’ for allae A and d € D. Thus teZ(T)
=1. Therefore Cr(4)=1.

Let R=AQ, the semidirect product of Q by A. Then Q< R, Q is a Sylow g¢-
subgroup of R, and A is a Hall subgroup of R. Let Q* be a Sylow g-subgroup of
Cr(P). Since Q< R, Q*< Q. Therefore Q* < Co(P)=1. Since Cx(P)<I R, we mus
have Cp(P)<A. Let ae Cg(P), ye Q, and xeP. Then (y~Y)exy*=(y lxy)*
=y~ !xy. Thus y?y~1 e Cy(x). Since this is true for all x € P, yoy~t € Co(P)=1.
Since this is true for all y € Q, a € Cx(P) N Cr(Q)=Cx(T). Since C,(T)=1, a=1.
Therefore R acts faithfully on P. It follows from our choice of P that R acts irre-
ducibly on P.

Consider P as a vector space over Z/{p). By Clifford’s Theorem [4, Theorem
341, P=V, @V, @ --® V, where each V; is Q-invariant and satisfies:

) Vi=Xy @ X2 @ - @ Xy, 1=5i<n, where each Xj; is Q-irreducible and
Xi; = X,s as a Q-module if and only if i=r; and

(i) for g e AQ, the mapping V; — V7 is a permutation of {V; | 1 Si<n}.

Let Q;=Cq(X:y), 1=i=n. By (i), Q;=Cy(V,). Since Cp(Q)=1, Q;< Q. Thus
Q/Q; is a nontrivial abelian group represented faithfully and irreducibly on X;;.
Therefore Q/Q; is cyclic [4, Theorem 3.2.2). Since Q is elementary abelian,
|Q/Qi|=g. Thus Q; is a maximal subgroup of Q. Let ve ¥;—{0} and suppose
vY=v,ye Q¥ If y ¢ Q;, then {y, O;> = Q and therefore Q centralizes v. But Cp(Q)
is trivial. Therefore y € Q,.

Now T=D* and D=D,;x D, where D,cP and D,<Q, teT. Since T=PQ
and Q is abelian, we may assume that t € P. Let D’= D%. Then D’ acts trivially on
D,. Since T is not a p-group or a g-group, D,#1 and D,+# 1. Assume, without loss
of generality, that D, V; @ V, ®---@ V, but D, is not contained in the sum
over any proper subset of {V; | 1 i< k}. Then for 1 £j<k, there exists an element
di=vi+0v,+---+v,€ D, with eV, 15i<k, such that v,#0. For de D',
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d¢=d;. Since v} eV, 12i<k, and the V;’s are independent, v{=v,. Therefore
d e Q;. Since j and d were chosen arbitrarily, D' ("¥., Q;. In particular, if k=n,
then D'c(N}-1 Q;SCo(P)=1. Since D'#1, k<n.

Let w=w;+wy+---+w, € P be chosen so that w;e V;—{0}, 1 £i<n. Since
T=D*, w=d® for some de D, ac A. Since w is a p-element, d is a p-element.
Therefore d € D,. Then d=u; +uy+ - - - +u, with u; € V;, 1 £i< k. Now a permutes
the Vs and u? € V2, 1 Si<k. Therefore

w=w+w+- - +w, =uitug+ - +ufe Vi@ rVi® --@ Vg

Since w;#0, 1<i<n, and the V;’s are independent, this implies k=n, a contra-
diction. This contradiction completes the proof.

THEOREM 3.4. If G=ABA is of type 1, then G is solvable.

Proof. By induction on |G|. Let p € #(4), let P be a Sylow p-subgroup of 4, and
let N*= Ny(P). Since G is of type I, A is abelian and therefore 4 < N*. Therefore
N*=A(B N N*)A. Suppose first that N*< G. Then N* is solvable by the induction
hypothesis. By 3.2, 4 is a Hall subgroup of N*. Therefore P is a Sylow p-subgroup
of N* and hence also of G. Suppose next that N*=G. Let G=G/P. Then G=ABA.
Since P< A and N=Ny(A)=A, Ng(A)=A. Thus G is of type L. It follows from the
induction hypothesis that G is solvable. By 3.2, |G| divides | 4| | B|" for a suitable
integer n> 1. Hence p does not divide |G| and therefore P is a Sylow p-subgroup
of G. Since this is true for all p € m(A4), A4 is a Hall subgroup of G.

Since G is a finite group with abelian Hall subgroup A, the transfer r: G — 4
maps A N Z(N) onto A N Z(N) [8]. In this case, A=A N Z(N). Therefore + maps
G onto A and A N ker (r)=1. Hence G is n(A)-separable. By 3.2, G=AT where
T=(BN T)*<G. By 3.3, T is nilpotent. Since A4 is abelian, it follows that G is
solvable.

4. Groups of type II.
THEOREM 4.1. Every ABA-group of type 11 is solvable.

Proof. Assume false and let G=A4BA be a counterexample of minimal order.
Suppose G possesses a nontrivial solvable normal subgroup H. Then G=G/H
= ABA is solvable and therefore G is solvable, a contradiction. Therefore G does
not possess any nontrivial solvable normal subgroups. In particular, if P#1 is a
Sylow p-subgroup of 4 and if N*=Ng(P), then N*=A(B N N*)A<G. Therefore
N* is solvable. By 3.2, P is a Sylow p-subgroup of N* and hence of G. Since this is
true for all p € 7(A4), A is a Hall subgroup of G.

Case 1. |A| is even. Then a Sylow 2-subgroup of G is contained in A4 and is
therefore abelian. Furthermore, if ae€ A is an involution and C=Cg(a), then
C=A(B N C)A<G and therefore C is solvable. By 2.2, G is isomorphic to a sub-
group of H*=PI'L(2,q) containing H=PSL(2,q) where either ¢=2", n=2,
or g=3 or 5 (mod 8), g=5. Identifying G with its image in H*, we have AH=
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A(BN H)A<G. If AH<G, then AH is solvable. Since this is not the case,
AH=G. Since |G/H| divides |4|, BS H.

Suppose first that g=2", n= 2. By 2.3(iv), G= HF, where F, is of odd order and
H N Fy=1. Thus a Sylow 2-subgroup A4, of 4 is a Sylow 2-subgroup of H. By
2.3(i)) A=Cy(Ay)=A,. Therefore A=A,<H and G=H. By 2.3(ii), N=Ng(A4)
is of order g(g—1) and contains a cyclic subgroup of order g—1. Now N=AB,.
Therefore B, must be cyclic of order g— 1. By 2.3(iii), B< Cz(B,)= B,. Therefore
A< G, a contradiction.

Suppose next that g=3 or 5 (mod 8), ¢=5. Since PSL(2, 5)~PSL(2,4) and
PT'L(2, 5)~ PT'L(2, 4), we may assume that ¢> 5. Let T be a Sylow 2-subgroup of H.
Replacing T by a conjugate, we may assume that T< 4. By 2.4(vii) and 2.4(ii),
Cy(T)=Tx F where |F| is odd. Therefore T is a Sylow 2-subgroup of G and
AN H=T. Let yeT and let C(y)=AB*A. By 2.4(iii), |Cy(y)|=9—d where
d=q (mod 4), d= + 1. Since ¢>5, g—d#4. Therefore g—d has odd divisors and
hence B*# 1. Furthermore, since B* < H, |B*| divides ¢—d. By 2.4(iv), H contains
a cyclic Hall subgroup R of order (g—d)/4 such that R is disjoint from its conju-
gates. Since B* and R are abelian, we may assume that B¥*< R. Let b € B*. Then
{B, R)> < C¥(b) which by 2.4(v) is of order g—d and is the centralizer of an involu-
tion x. By replacing R by a conjugate, we may assume that B< R. Since every
involution of H is conjugate to one in TS A, B"< R*< Cy(a) for suitable 4 € H,
aeT. As above, B;=B N Cy(a)+# 1. Therefore B, < R N R* for a suitable element
¢ € Cy(a). Therefore R= R" and B< R< Cy(a). Therefore (a)> </ G, a contradiction.

Case 2. |A| is odd. Let H be a minimal subnormal subgroup of G such that
G=AH.If x € G is of order prime to | 4|, then x € H. Therefore B< H and if x is an
involution, then x € H. By repeated application of Theorem 1.3.8 of [4], we see that
A N H is a Hall subgroup of H.

Since G is not solvable, |G| is even. Let y=a*ba’ be an involution, a*, a’' € 4,
b € B. By conjugating y by a’~!, we obtain an involution of the form ab, ac 4,
b e B. Since |A4| and |B| are odd, a#1 and b# 1. Now ab € H and b € H. Therefore
ac AN H Let M=Ny(AN H) and let x=a,b,a,€ M, a,,a,€ A, b, € B. Then
b, e HN Ng(A N H)= M. Since ab is an involution,

@) ab = b"1a"1
Conjugation of equation (1) by b, yields

@ ab = b~Y(a ).
Multiplying the inverse of equation (1) by (2) we get

3) b~ta"1ab = abb~(a 1)1 = a(a~1)b.

Therefore b~2a~ta%b%=b"ta(a~*)1b=(b"'a~'a®1bh)~*=a"1a%. Since |b| is odd,
b~'a g’ b=a"'g*. Combining this with equation (3) we see that a(@a=)’ =
a~'ab. Since |A| is odd, a=ab:. Therefore a*=a. Since this is true for all x € M,
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a € Z(M). But the transfer 7 of H into 4 N H maps A N Z(M) onto itself [8]. Let
K=ker (7). Then K is subnormal in G, G=AK, and |K|<|H|. This is a contra-
diction to our choice of H and this contradiction completes the proof.

5. Solvable groups of type III. 1In this section we shall derive properties of
solvable groups of type III which will be needed in proving our main classification
theorem for all groups of type III. We first wish to make explicit several easily
proved properties of groups of type III. Recall that if G=A4BA is of type III, then
b, denotes an involution in B, which satisfies C4(by) S Z(G).

LEMMA 5.1. Let G=ABA be of type IIl. Let b’ € B, be an involution, and let
L(b")={ac A| b ~'ab'=a"'}. Then:
(i) |A| is odd,;
(i) A=C,(b')x 1,(b'); and
(iii) if A N Z(G)=1, then b;*aby=a~? for all ac A.

Proof. Since b, € B, |B| is even. Since (|4|, | B|)=1, |4| is odd. Thus (i) holds.

Since |A4| is odd, A=C,(b")[,(b') and C,(b") N I(b')=1 [4, Lemma 10.4.1].
Since A is abelian, 1,(b") is a group and A= C,(b") x L,(b’). Thus (ii) holds.

Statement (iii) follows immediately from (ii) and the fact that C,(b,) =4 N Z(G).

LEMMA 5.2. Let G=ABA be solvable of type 111. Then:
(i) G=(AB,)T where T=(B N T)* is a nilpotent normal subgroup of G, and
(4], |T)=1.
(ii) CHA)=B, " ATSN N T< B N Z(G).
(iii) B=By,(BN T).
(iv) If b-*ab=d',a,a’' € A, be BN T, then a=a'.
(v) Ifb-'a*b=a’? a,a’ € A, be B, then b~'ab=a’.
(vi) If b’ € B, is an involution and A* =C «(b"), then

Ci(b) = (BNT),  Curld) = AXBNT)*,
and
Cy(b') = (A¥(BNT)*")B, = A*BA*.

(vii) If A acts regularly on T, then Ci(a)< N for all a € A%,

Proof of (i). Since G is solvable, G is m(A4)-separable. By 3.1, G=(4B,)T with
T=(BN T)*<G. By 3.2, T is nilpotent. Since T=(BN T)* and (|4], |B))=1,
(IAI’ |T|)= L.

Proof of (ii). Since T=(B N T)*, Cr(4)< B. Therefore Cr(4)< B, N AT. Since
T<AT and (|4|, |B|)=1, Bo N AT<T. Therefore By " AT<N N T. Now

[A,NNT]SANT=1.

Therefore N N T< C(A). Therefore N N T< Cp(A) and hence, since B is abelian,
NN T<BnN Z(G).
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Proof of (iii). Let G=G/T. Then G=A4B,. Since (|4|, |B|)=1, B=B,. Therefore
B< B,T and hence B=By(B N T).

Proof of (iv). Let b~lab=a’, a,a’ € A, be BN T. Then a *a’=a *b~'abe A
N [4,T]€A N T=1. Therefore a=a’.

Proof of (v). Suppose b~'a%?b=a'?, a,a’ € A, b € B. By (iii), b=b,b, with b, € B,
and b, e BN T. Therefore b;'(by‘a®b,)b,=a'%. Now bi'a?h,e€ A as b, € B,
Therefore, by (iv), by 'a®b, =a'? € Cy(b,). Since |a’| is odd, a’ € Cy(by). Since |A| is
odd, each element in A has a unique square root in A4. Therefore o' =b; ab,.
Therefore b~ 'ab=>b;'(b; ‘ab,)b,=b; a’'b,=a'.

Proof of (vi). Let b’ € B, be an involution. By 5.1(ii), A=A4%* x A’ where A*
=C4(b") and A'=1,b"). Let aba, € Csb’), a,a,€ A, be B. Let a=a*a' and
a,=afa; with a*, a¥ € A* and a’, a1 € A'. Then

a*a'ba¥a; = aba, = (aba,)” = (a*a'ba¥ay)” = a*a’ ~‘ba¥ai *.
Therefore b~ *a’2b=a’"2. By (v), b~'a’b=a;"'. Hence
aba, = a*a'bafa; = a*b(b~'a’'b)aia¥ = a*ba¥.

It follows immediately from the above that each element of Cr(b’) must be of the
form a*’ba* with a* € A*, and b € B N T, and each element of C,(b’) must be of
the form afa* ~ba* with a¥, a* € A* and b € B N T. On the other hand,

{a* 'ba* | a* € A*and be BN T} = Cy(b'),
and
{a¥a* 'ba* | a¥,a* € A* and be BN T} < Cr(b').
Therefore Cr(b")=(B N T)** and Cuy(b)=A*(B N T)**. Now Cy(b')=C ,+(b')B,.
Therefore Cg(b')=(4*(B N T)“4")B,. Since B is abelian, B,<= Ny(4*). Therefore
Cs(b') = (A¥(B N T)*)B, < {a*ba¥ | a*, af € A*, be B} = Cy(b").
Therefore Cy(b')=A*BA*.

Proof of (vii). Suppose A4 acts regularly on T. Let a € 4# and let b € Cg(a). Let
b=b,b;, b€ By, bpe BN T. Then b;*(bi'ab,)b,=a. By (iv), b ~'ab,=a and
by € Cy(a). Since A acts regularly on T, b,=1. Therefore Cx(a)< B,. Therefore
Cia)=ACyz(@) A< AB,A=N.

We next derive some properties of groups of type Il in which Cg(a)< N for all
a € A¥. These will be used later in this section and again in §7.

PROPOSITION 5.3. Let G=ABA be of type I11. Suppose N< G and C(a)< N for all
ac A#. Then:
(i) bgtabo=a"* for all a € A.
(ii) A N A*#1 implies x € N.
(iii) If bab=a,, a,a, € A, a#1, b, b, € B, then b,=b-1 € N.
(iv) If aba,=a'b'a}, a,a,,d’,a € A, b, b’ € B, then either a=a', b="b', and
a,=aj, orb=>b"€N.
) |G| =4[ |B|(14] = (14| = 1)/|B/Bo)).
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i) If b-‘ab=ayba,, a,a,,a,€ A, a#1, be B—B,, b, € B, then b, is an
involution in B— By and a,=a,+#.
(vii) If b~'ab=a,b,a, and b~‘a’'b=a,b,a,, a,d’, a;, a, € A#, b, b, € B— By, then
either a=a' or a™*=d'.
(viii) If G is solvable, then |A| = |B|B,| + 1 and by(B N Z(G)) is the only involution
of Bo/(B N Z(G)).

Proof of (i). Since N=G and Ci(a)< N for all a e A#, A N Z(G)=1. By 5.1(ii),
b5labo=a"* for all a e A.

Proof of (ii). Suppose 4 N A*5 1. Then (A4, A*)<=Cx(4 N A*)= N. Since Aisa
normal Hall subgroup of N, A= A*. Therefore x e N.

Proof of (iii). Suppose b,ab=a,, a, a, € A, a#1, b, b, € B. Then conjugation by
b, yields b,a~'b=a;s?!. Therefore

(1) b~*ab;*=a,, and

2) by=a7* 'a.

Multiply equation (1) by b,ab=a,; to get b~'a*b=a}. By (ii), b € N. Therefore,
using equation (2), we see that b,b=ai'b 'ab=aj'a®€ A N B=1. Therefore
b,=b"'€eN.

Proof of (iv). Suppose aba,=a'b'ay, a, a,,a’,a; € A, b, b’ € B. Then b’ ~'a’~'ab
=aiarl. If @~*a=1, then since A N B=1, b’ b=1=aja7*.If a’~la#1, then
b'=b e N by (iii).

Proof of (v). |G|=|N|+|{aba’ | a,a’ € A, b e B—B,}|. It follows from (iv) that
|{aba’ | a, a’ € A, b € B— B,}| =|A|?|B— B,|. Therefore

|G| = |4 |Bo| +|A41*(1B| — | Bo|) = | 4] |B|(14] (| 4| - 1)/| B/Bo)).

Proof of (vi). Suppose b~ ‘ab=ab,a,, a,a;,a,€ A, a®l, be B—B,, b, €B.
If b, € N, then b~'ab € N and, since 4 is a normal Hall subgroup of N, b~'ab € 4.
Then b € N by (ii). Since this is not the case, b, € B— B,. Now

a;brart = b~'a'b = (b~ 'ab)’ = (a,b,a,)’ = ai'b,a;’.

By (iv), a,=a, and by '=b,. Since (|4|, |B|])=1 and b~ 'ab=a,b,a,, a, # 1.
Proof of (vii). Suppose b~ ‘ab=a;b,a, and b-'a’b=azb,a,, a,a,,d,a, e A%,
b, b, € B— B,. By (vi), b, is an involution. Hence

b~laa'b = a1b1a102b102 = albflalagblaz.

Suppose aa’ # 1. Then a;a, # 1. Now bi 'a,a,b, =asb.a,, as, a, € A, by € B. By (vi),
a;=a,. Hence b~laa'b=a,asb.asa,. By (vi), a,as=asa, and therefore a;=a,.
Therefore b~ 'ab=a,b,a, =a,b,a,=b"*a’b and hence a=a’. Thus either a=a’, or
ad’=1and a’'=a"1. '

Proof of (viii). Assume false and let G=ABA be a counterexample of minimal
order. Suppose BN Z(G)#1. Let G=G/(B N Z(G)). Then G=ABA and bg ‘ab,
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=a~* for all @ € 4. Suppose b~'ab=a’, a,a’ € A, be B. Then b~'ab=a'b’, b’ € B
N Z(G), and hence |b~'ab|=|d’| |b’|. Since (|4], |B|)=1, b’=1. Therefore

Ng(4) = B, and Cx(@) < Cx(a)

for all a € A. Hence Ng(A)=AB,< G and Cy(a@) < Nz(A4) for all @ € A. Furthermore,

BN Z(G) < Cx(A) < Cx(4) = BN Z(G) = 1.

It follows from the minimality of G that |A4|=|4|=|B/Bo|+1=|B/Bo|+1 and
bo=bo(B N Z(G)) is the only involution in B,=B,/(B N Z(G)). This contradicts
our assumption that G is a counterexample. Therefore B N Z(G)=1.

By 5.2(i), G=AB,T with T=(B N T)* By 5.2(iii)), B=(B N T)B,. By 5.2(ii),
By,N AT<BN Z(G)=1.Letbe BN T#and aec A#. Thenb~‘ab=a,b,a,,a,,a, € A,
b, € B. By (vi), a,=a, and b, is an involution in B— B,. Let b; =byb;, be BN T,
bs € B,. Then b~ab=a,bsbsa, =bs(b3 *a,bs)b.a, and therefore

bs = b~taba;*b; (b5 ‘a;‘bs) € By N AT = 1.

Thus b~ 'ab=a,b,a, with b, € BN T#, It follows from (vii) that the map a — b,
from A# into B N T# determined by b~ 'ab=a, b, a, is at most two-to-one. Therefore

|[A|—1 < 2(|B/Bo| - 1).

On the other hand, it follows from (v) that |4|—1=n|B/B,| for a suitable
integer n= 1. Therefore n|B/B,| <2|B/B,| —2 and hence 2 < |B/B,|(2—n). Therefore
n=1 and hence |4| —1=|B/By|.

Since G is a counterexample, there exists an involution b’ € By—{b,}. Let 4*
=C,(b") and G*=Cqx(d'). By 5.2(vi), G*=A*BA*. By 5.1(ii), A=A*x I,(b"). If
A*=1, then b'b, € Cx(A)<= B N Z(G)=1 and therefore b’ =b,. Since this is not the
case, A*#1. Since BN Z(G)=1, G*<G.

Let b € Ng(A*) and a € A*#. Set b=b,b,, b, € By, b,€ BN T. Then

b5 (by 'aby)b, € A*.

By (ii), b5 € N. Thus b, € B, N T=1. Therefore Ng(A*)< B,. Since B is abelian,
By = Ng(A4*). Therefore Ng(A*)= B,. In particular, Ng.(A*)< G*. Now if b* € Cp(a),
a € A*#, then since Cy(a)SN=AB,, b* € B,. Thus Cu.(a)=A*Cgz(a)A* < Ngu(A*)
for all a € A*#. Furthermore, C.(b,) < C4(bo)=1. By the minimality of G, |A*|
=|B/Bo|+1. Therefore |A*|=|A| and hence 4=A* Thus G={4, B><G*, a
contradiction. This completes the proof of (viii).

In the remainder of this section we shall treat solvable groups of type III in
which B N Z(G)=A4 N Z(G)=1 and N=G. We next derive properties of the group
T which arise in the decomposition of such a group described in Lemma 5.2.

PROPOSITION 5.4. Let T be a nontrivial group acted on by a group H. Suppose:
(1) H=A<bo) with A abelian of odd order prime to |T| and b, an involution
satisfying by *ab,=a~*' for all ae A;
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(2) T possesses a nilpotent subgroup D < Cy(b,) such that T= D*; and

(3) C(A)=1.
Then the following conditions hold.

(1) Cr(by)=D and D* N D<= Cp(a) for all a€ A.

(ii) T is a 2-group.

(iii) If T is abelian, C,(T)=1, and T is A-indecomposable, then A acts regularly
onT.

(iv) If A acts regularly on T, then |T#|=|D#| |A|, T is elementary abelian, and A
acts irreducibly on T.

(v) If D is abelian, then T is an elementary abelian 2-group.

Proof of (i). Suppose d® € Cr(b,), de D, ac A. Then d*=(d%)Po=(d%)*"'=d°".
Therefore d**=d. Since |a| is odd, d*=d. Therefore, since T=D4, Cr(by)<D.
Since D<= Cr(b,), Cr(bo)=D. Furthermore, since D* " D= D<= Cy(by), D* N D
< Cp(a) for all a € A.

Proof of (ii). By 3.3, Tis nilpotent. Let R=O(T). Then R char T and therefore R
is H-invariant. Since |R| is odd, R=Cg(b,)] where I={re R|rPo=r-1}. Let
r=del, de D, ac A. Then (d~1)*=(d*) " =r"l=rbo=(d%Po=(d%)* *=d* "
Therefore (d-1)**=d. By (i), d=d~*. Therefore r2=1. Since |R| is odd, r=1.
Therefore R= Cg(by)< Cr(by)=D. Since R is A-invariant and D* N D<= Cy(a)
for all ae A, R= Cp(4)<= Cr(A)=1. Therefore T is a 2-group.

Proof of (iii). Suppose T is abelian, C,(T)=1, and T is 4-indecomposable. Let
ac A and assume Cr(a)#1. Since (|<a)|, |T|)=1, T=Cr((a))x[T,<a>] [4,
Theorem 5.2.3]. Since A is abelian, C;(<@)) and [T, {a)] are A-invariant. Since T is
A-indecomposable and Cy({a))# 1, T=Cr({a)). Thus a € C,(T)=1. Therefore 4
acts regularly on 7.

Proof of (iv). Assume that 4 acts regularly on 7. If D¥ N D¥#1, a', a* € A,
then D* N D#1 where a=a’a*~1. By (i), Cp(a)#1. Since A acts regularly on 7,
a=1 and hence a’ =a*. Therefore |T#| = |(D¥#)*| = |D#| |A]|.

Let T*#1 be an A-invariant subgroup of T. Then T*=(T* N D)# and therefore
T* is H-invariant. Furthermore, A acts regularly on T*. As above, |T*#|
=|T* N D#| |A|. Thus
IT|-1 |7 -1

4] =

[D[—1 ~ [T*nD|-1
and hence

IT| |T* n D|—|T* N D|—|T| = |T*| | D|-|D|-|T*|.
Let |T* N D|=2", |D|=2"*", |T*|=2""*5, and |T|=2"****, Then

2m+s+t _ym__ym+s+t —_ H2m+s+r__)m+r__Yym+s
2 PAEY) =2 2 2m*s,

Therefore 2m+s+t— ] —2s+t=2m*s*+r_2r_2s This is only possible if 2°=1 or 2"=1.
If 2°=1, then |T*|=|T* N D| and therefore T*< D. Then T*< D* N D for all
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a€ A and, by (i), T*< Cr(4A)=1. Since this is not the case, 2'=1. Hence D=T*
and therefore T=T*. Since T* was an arbitrary A-invariant subgroup of T,
T=,(Z(T)) is elementary abelian and A acts irreducibly on T.

Proof of (v). Assume false and let 7= D4 with D abelian be a counterexample
of minimal order. Let A*=C,(T). Then A*<\ H. By replacing H by H/A*, we may
assume C,(T)=1. By (ii), T is a 2-group.

Let S be an A4-invariant subgroup of 7. Then S=(S N D)* and therefore S is
H-invariant. Furthermore, S N D < Cs(b,) and Cs(A4) < Cr(A)=1. Suppose further
that S<IT. Let T=T/S. Then H acts on T, T'= D4, and D < Cz(b,). It follows from
the minimality of T that any A-invariant proper subgroup of T is elementary
abelian. Furthermore, if S is a nontrivial, A-invariant, normal subgroup of T,
and if Crs(4)=1, then T/S is elementary abelian.

Suppose T possesses two disjoint, nontrivial, 4-invariant, normal subgroups
M, and M,. Let Cpy(A)=R/M,, i=1,2. Then R/M;]T/M;, R,]T, and R, is
A-invariant, i=1,2. Let x€ R, N R, and a € A. Then x°=xm,=xm,, m, € M,
my€ M,. Since M, N M,=1, x*=x. Hence R, N R; = Cr(A)=1. Let Cr,z(4)=S/R,,
i=1, 2. Then A4 centralizes S;/M; [4, Theorem 5.3.2] and therefore S;= R;, i=1, 2.
Therefore Crp(4)=1, i=1, 2. Hence T/R,, T/R,, and therefore L=T/R, x T/R,,
are elementary abelian. But ¢(x)=(xR;, xR,) defines an embedding of T into L.
Hence T is elementary abelian, a contradiction. Therefore T does not possess two
such A-invariant subgroups. In particular 4 acts indecomposably on T and on
Z(T). 1t follows immediately from (iii) and (iv) that T is not abelian.

Let Z=Z(T) and A,=C4(Z). Since Z is A-indecomposable and abelian, 4/4,
acts regularly on Z by (iii) (applied with H replaced by H/A,). By (iv), Z is ele-
mentary abelian and

M |Z#] = (Z 0 D¥)*| = |Z N D¥| |4/ 4q|.

Let T=T/Z and let Cp(4)=S/Z. Then S is A-invariant. Let s € S. Then s=d®,
de SN D,ac A Sincede S,d*=dz,z € Z. Therefore s=dz. If s’ € S, then s'=d'z’,
deSND,zeZ, and ss'=dzd'z’ =d'z’dz=s's since z,2' € Z and D is abelian.
Thus S is abelian and hence S<T. Therefore S is elementary abelian. Since
(141, |S)=1, S=Z x S’ with S’ an A-invariant subgroup of S. Now for a € 4 and
s€§’, s*=sz, ze Z. Since S’ is A-invariant and S’ N Z=1, s*=s. Thus §’'< C,(4)
=1 and therefore Cr(4)=1. Therefore T is elementary abelian. Hence 1#[T, T)
SH(T)=Z. Now Z is elementary abelian and 4-indecomposable and (|4|, |Z|)=1.
Therefore Z is A-irreducible. Hence [T, T]=¢(T)=Z and therefore Z is a special
2-group.

Since (|A|, |T|)=1, we can express T as T=T; x Ty x - - - x T, where each T, is
A-irreducible, 1 i< n. Let T; be the full inverse image of T; in T, 1 £i<n. Then T,
is A-invariant, 1<i<n. If n23, then T,T,<T and therefore T;T; is abelian, 1 <i,
Sn. Then T=T,T,- - - T, is abelian. Since this is not the case, n<2.
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Suppose n=1. That is, 4 acts irreducibly on 7. If ae C,(T), then since T=
T/§(T), a€ C,(T) [4, Theorem 5.1.4]. Therefore C4(T)< C,(T)=1. By (iii), 4 acts
regularly on T. Therefore, by (iv),

)] |T#| = | D#| |4].

Let E=D—(Z N D). Then T#=(D#)*=Z# U E* and the union is disjoint. There-
fore

©) T4 = |2#+1 B4,

Suppose E* N E*#1, a’,a*€ A. Then E°N E#1, a=a’a*~*. By (i), Cg(a)#1
and therefore Cp(a)#1. Since A4 acts regularly on T, a=1 and hence a’'=a*.
Therefore

@ |E4| = |E] |4].
By combining equations (3) and (4), we see that

|D| )
Z N D|—1 ]

IT| = |Z|+|E| |4] = |Z|+(D|-|Z " D)|4| = |Z|+]|Z N DI(
= |Z|+|Z n D| | D#| |A].

By combining this with equation (2), we see that

®) IT|-1Z| = |1z~ DI(T|-1).

Since T is a 2-group, |T|—1 is odd. Since |Z| is a power of 2 and divides the left-
hand side of equation (5), |Z| divides |Z N D|. Therefore Z=Z N D. Hence
Z<D*nN Dforall ae A. By (i), Z< C;(4)=1, a contradiction. Therefore n=2.

Thus T=T, x T, where T; and T, are nontrivial and A4-irreducible. Now T,=T
and T,<T. Hence T, and T are elementary abelian. Since (|4|, |T}|)=1, T;=Z x U;
with U, A-irreducible, i=1, 2. Furthermore,

UNnT,csUNnT,nT,c UnNnZ=1, 1 S6,jS2,i#]j.

Let A4,=Cy(T), i=1,2. Then 4;=C,(U)<A and A/A, acts faithfully, irre-
ducibly, and therefore, by (iii), regularly on U,, i=1,2. Let D;=U,n D, i=1, 2.
By (iv),

(6) |UF| = [(DFY*| = |DF| |4/4), i=1,2

Since T=T/§(T), CT)=C,(T)=1. Therefore A, N A,=1. Suppose that ae
Ao N A;. Let u; € U; and u, € U,. Then u; *ui 'u,u, =z € Z. Therefore uz *ug *usu,
=z=2z%=(uz ')*uj 'ugu, and hence wuy(uz')* € Cy,(u;). Since this is true for all
uy € Uy, uy(uz 1)* € Cy,(U,)=Cy,(Ty). Now C=C(T,) is A-invariant and contains
T,. Therefore, either C=T, or C=T. If C=T, then T, <Z and therefore T;=1.
Therefore C=T, and hence C=T,. Therefore u,(uz 1)* € U, N T;=1. Since this is
true for all u, € U,, a€ A; N A;=1. Therefore A, N A; =1. Similarly 4, N 4,=1.
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Suppose zuyu, =z'uius, z,2' € Z, u, uy € U,, i=1, 2. Thenuy 2z’ ~*zu, =upuz '€ T,
N U,=1. Therefore uz=u,. Similarly u;=u, and therefore z=z'. Since T=T,T,
=ZU,U,, we conclude that every element of T has a unique representation in the
form zuu,, zeZ, u;e U, i=1,2. Now let de D and suppose d=zuu,, z€Z,
u; € Uy, ug e U,. Then zPoubouho=d’ =d=zuu,. Since Z, U,, and U, are A4-
invariant, they are also by-invariant. Therefore z%0=z, ubo=u,, and u3o=u,. Thus
Z, Uy, Uy € Cy(bo)= D. Therefore D=(Z N D)D,D,.

Let
X, ={(dd)|deZn D¥ d e D¥,ac 4}, i=1,2;
Xa = {(dldz)a I d1 € Df, dz € Dé", aec A};
and
X4 = {(ddldz)a | dEZ N D#, dl € Dl#, d2 (3 Dg, ae A}.
Then
™ IT#| = (T, 0 D#)4| = |Z#|+|UF|+|X|, =12,
and
®) IT#| = |(D*)*] = |Z#|+ |U¥| + | Uf | +| X | + | Xa| + | Xs| + | X

Suppose (dd,d,)* =(d'did;)*, a',a*€ A, d,d'€e ZN D, d,d|e D,, i=1, 2. Then
d*d{dg=d'did;, a=a'a*~'. Hence d*=d’,d¢=d;,and d¢=d,. By (i), d*=d, d¢=d,,
and d§ =d,. Now A/ A, acts regularly on Z, A/A, acts regularly on U,, i=1, 2, and
Ao N Ay = Ao N A=A, N A;=1. Therefore either a=1 and a'=a*, or two of
d, dy, and d, are trivial. Therefore

) |X;| = |Zn D¥| |Df| 14|, i=12;
(10) | Xa| = |D¥| | DE| |4l

and

an |X.| = |z n D#| |Df| | Df] |4].

By combining equations (7) and (9), we see that
|2 Ul =1 = |Tf| = |2#|+|Uf|+|Z 0 D*| | Df| |4], i=1,2.
By combining this with equations (1) and (6), we see that
1Z| |UI| = |Z|+|UF| +|2#| |UF|(| 4ol |4il/14D),  i=1,2.

Therefore |Z#| |Uf| =|Z| |Ui| - |Z| - | UF| = |Z#| |UF|(|4o| |4il/|4]) and hence
(12) |[4o| |4i]/]14] =1, i=1,2.

By combining equations (8) through (11), we see that

|T#| = |2#|+|Uf| +|Uf| +|Z n D#|(| Df| +| DE])| 4| +|Z N D| | D¥| | D¥| | 4.
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Together with equations (1), (6), and (12), this implies
IT| = |Z|+|Uf| +|Uf| +|Z2#|(Uf| +|U£D+|Z n D| | Df| | DE| | 4]
= |Z|+|z|(Uf|+|U£D+|Z n D| | DY| | DE| | 4].

Therefore, since |Z| divides |T'|, | Z| must also divide |Z N D| | D¥| | D¥| |A|. Since
Tisa2-groupand T,=Df#1,i=1, 2, | D¥| and | D¥| are odd whereas |Z | is a power
of 2. Hence, since |4| is odd, |Z| divides |Z N D|. Therefore Z< D. Since Z is
A-invariant, Z< D* N D for all ae A. By (i), Z= C;(4)=1, a contradiction. This
contradiction completes the proof of (v).

Let G=ABA be a solvable group of type III in which 4 N Z(G)=B N Z(G)=1
and N<G. By 5.2(i), G=(A4B,)T where T=(B N T)*is a nilpotent normal subgroup
of G, and (|4|, |T|)=1. Since N=G, T+#1. By 5.1(i) and (iii), | 4| is odd and bg *ab,
=a~! for all ae A. Since BN Z(G)=1, it follows from 5.2(iii) that Cr(4)=B,
NAT=N N T=1. Thus H=A<b,> and T satisfy the conditions and hence the
conclusions of Proposition 5.4. In particular, since BN T is abelian, T is an
elementary abelian 2-group. Since (|4|, |T|)=1, T and any A4-invariant subgroups
of T are completely A-reducible. Note that if T* is an A-invariant subgroup of T,
then T*=(B N T*)* and therefore T* is By-invariant. In the remainder of this
section we shall obtain further information about G.

PROPOSITION 5.5. Let T* be an irreducible A-invariant subgroup of T and A*

=C/(T¥). Let B, be a Sylow 2-subgroup of B, and B*=Q,(B;). Then
(i) B* acts on A/ A*,

(ii) |B* : Cpi(A4/A*)| =2, and

(iii) |T*|=|B N T*|%.

Proof. Since T* is A-invariant, it is also Bg-invariant. Hence A*=C4(T*) is
B,-invariant. Since B*< B,, B* acts on 4 and on A*. Hence B* acts on A/A*.
Thus (i) holds.

Let K=(AT*)B* and let B'=(B N T*)B*. Then K=AB'A, A*<]K, and b, € B'.
Since B, N AT*< B N Z(G)=1, Ng(A)=B* and B'=(B N T*) x B*.

Let K=K/A*. Then K=AB' A= AT*B*, by 'ab,=a'for allae 4,

B = (BN T*xB*, Ng(A) = Nz(d) = B* and T* =(BnTHA

In particular, K is of type IIL. Since (|4|, |BT|)=1, A* N T*<A* N B'T*=1.
Hence

BNT*=BnNnT* T*+#1,
A acts irreducibly on T*,
CAT*) = C(T*) = A4* =1, and Cp(4) = Cr(4) = 1.

In particular, 7*=(B' N T*)% and Ng(4)< K.
By 5.4(iii), 4 acts regularly on T*. By 5.4(iv),

O IT*|-1 = (BN T*-1)4].
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By 5.2(vii), Cg(@)< Ng(A) for all @ € A#. Since
Np(A) = B* and B = (BN T*) xB*,
it follows from 5.3(viii) that
(2) |4] = |BAT* +1,

and

(3) by is the only involution in B*/(B' N Z(K)).

Since B* is an elementary abelian 2-group, (3) implies that |B* : B’ n Z(K)|=2.
Since B’ N Z(K)<= Ng(A)=B* and B' is abelian,

B' N Z(K) = Cpl(A) = Cg(A]A*).
Therefore
|B* : Cpo(A/A*)| = |B* : Cp(A/A*)| = |B* : B' N Z(K)| = 2.

Hence (ii) holds.
By combining equations (1) and (2), we see that

IT* = (BAT* - 1)(|BATH+1)+1 = [BAT*?2

Since A N T=1,
|T*| = |T*| and |BNT* = |BN T*.
Therefore |T*|=|B N T*|2 Thus (iii) holds.
COROLLARY 5:6. |T|=|BNT|%

Proof. Let T=T, xTyx --- xT, where each T; is A-irreducible, 1 £i<n. Let
beBNT.Thenb=tt,--t,,t;,e T, 1 Sisn Hencetyty- - - t,=b=>bb%=¢tlotdo- - . t2o,
Since the T;’s are bo-invariant and independent, tfo=+¢;, 1 <i<n. Hence, by 5.4(i),
teBNT, 1sign. Therefore BN T=(BNT)x(BNTy,)x---x(BNT,). By
5.5(iii), |T;| =|B N T,|?, 1 £i<n. Therefore

IT| = |Ty| |Ty| - |TW| = |[BNT| BN T2 |BNT,|2 = |BN T2

PROPOSITION 5.7. Let b e By —{bo} be an involution, A, = C,(b), and A,= C ,(bb,).
Then AT=A,T, x A;T, where Ty and T, are A-invariant subgroups of T.

Proof. Since b;'aby=a~* for all ae 4, A,={ac A| b tab=a"'}=1,(b). By
5.1(ii), A=A; x A;. If A, =1, then bb, € Cz(A)= B N Z(G)=1 and therefore b=b,.
Since this is not the case, 4;#1. Since T is an elementary abelian 2-group and
(4], |T)=1, T=T, x T, where T,=[A,, T] and T,=C(4,) [4, Theorem 5.2.3].
Since A is abelian, both T, and T, are A-invariant. Furthermore, Cr(4)=1.1f
T,=1, then T=T, and AT= A, x A,T satisfies the conclusion of the proposition.
We may therefore assume that 7, #1.

Let T* be an A-irreducible constituent of 7; and let 4*=C,(T*). Let B* be
defined as in 5.5 and B, =Cg(A/A*). Then |B*/B,|=2. Suppose b ¢ B,. Then
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b, € B*=<(b, B,>< Cp.(A,;A*/A*). Since b, inverts the elements of A, this implies
that 4, < 4*=C,(T*). This is not the case since Cr (4,)=1. Therefore b € B;. In
particular, b centralizes A,4*/A*. Since b inverts the elements of A,, this implies
that A,< A*=C,(T*). Since this is true for all A-irreducible constituents of T3,
Ay S Cy(T). Therefore AT=A,T, x A;T,.

PROPOSITION 5.8. [A4, O(By)1= CA(T).

Proof. Since T is completely A-reducible, it suffices to show that [4, O(B,)]
< C,(T¥*) for any A-irreducible constituent 7* of T. Let H=(AB,)T*. Then

H=ABBNT*)A, ANZH) = Cylby) =1, BNZ(H) = Cp(4) = 1,

and, since T*#1 and T* N B, B N Z(G)=1, Ny(A)< H. Thus we may assume
that H=G and T is A-irreducible.

We consider T as a vector space over F=Z/(2>. By 5.6, |T|=|B N T|2. Therefore
dim; (Cr(b)) 2 (1/2) dimy (T) for all b € B,. Let L be an algebraic closure of F and
let T,=T ®rL. Then each element g € N induces a linear transformation of T;,
the characteristic roots of g on T and on T, are the same, and

dim, (Cr,(b)) 2 (1/2) dim, (T3)

for all b € B, (see §3.1 of [4]).

Let B'=0(B,). Since |AB'| is odd and char (L)=2, we can express T, as T},
=V,®V, ® --@ V,, where AB’ acts irreducibly on each V;, 1Si<m. Let j be
chosen so that 1 <j<m. By Clifford’s Theorem, V,=U, @ U, @- - - @ U, where
each U, is A-invariant and satisfies:

M U=X,;® X @D - @D Xy, 15i<s, where each X, is A-irreducible and
X~ X,, as an A-module if and only if i=r; and

(2) for g € AB’, the mapping U, — UY is a permutation of {U; | 1 Si<s}.

Assume that [4, B']¢ C4(T) and let b € B’ be such that [4, <b>] & C4(T). Suppose
U,=Up for some i, 1<i<s. Since 4 acts irreducibly on Xj,, L is algebraically
closed, and (char (L), |4|)=1, each element a€ A acts as a scalar on X;; [4,
Theorem 3.2.5]. Since Xj;, =~ Xj; as an A-module, 1 £k <¢, each element a € 4 acts
as a scalar on U;. Thus for a € 4, b=*a~'ba € Cy(U;). Therefore 1 is a characteristic
root of b~'a~1ba on T, and hence on T. Therefore Cp(b~*a~'ba)#1. But b~1a~‘ba
€ A, A is abelian, and T is A-irreducible. Therefore C(b~'a~1ba)=T. Since this is
true for all ae A4, [4, <b)]=C.(T), a contradiction. Therefore b acts as a fixed
point free permutation of {U, | 1 Si<s}.

By rearranging the order of the U,’s, we may assume that

(Uh U2s R Unl), (Un1+1’ Un1+2, R ] Unz)a RS ] (Un,+1a Un,+2’ RS ] Us)
are the cycles of b. Then
dim; (Cy,(B)) = dim, (Uy)+dimy (Un, s 1)+ - -+ +dimy (Uy, 41).
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Furthermore, since the length of each cycle divides ||,
dim (V3) 2 p(dim; (Uy)+dim; (Uy, 4 1)+ - - - +dimg (Uy, +1))
where p is the smallest prime dividing |b|. Therefore
(1/p) dim,, (¥V)) 2 dim,, (Cy,(b)).

Let w,=dim, (V) and u,=dim, (Cy (b)), 1Sk =m. Since j was chosen arbi-
trarily and |b| is odd, u, <(1/p)w;. < (1/2)w,, 1 £k <m. Since each V, is b-invariant,
1=k=m, Cr(b)=Cy,(b) ® Cy,(b) D - - D Cy,(b). Therefore

dim, (Cr () = 3w, < (112) > w, = (1/2) dim, (Ty),
k=1 k=1

a contradiction. Therefore [4, B'1< C(T).

COROLLARY 5.9. Let A,=C/(O(B,)) and A;=[A, O(B,)]. Then the following
conditions hold.
(i) A=A, xA, and A, # 1.
(i) G=(A,TxA,)B,.
(iii) C4(O(B,))=A,TB,=A,BA,.

Proof. Since A is abelian and (|4|, |B|)=1, A=A, x 4, [4, Theorem 5.2.3]. By
5.8, A, C(T). Therefore G=(A4,Tx A;)B, and T=(B N T)*1<= Cz(O(By)). If
A, =1, then Ny(4)=Ny(A4,)=2T and therefore 4<1G. Since this is not the case,
A, #1. Finally, since C4,(O(Bo))=1, Car(O(B,))=A,T. Hence

Ce(O(By)) = Car(O(Bo))By = A\TBy = A)(BN T)“1By = A,BA,.

6. Factorizable ABA-groups. If G=ABA and G=A,B;A; X A3ByA; X - - - X
A.B,A, where

(1) A;,cAand BB, |Si<n,

(2) A,B,A, is either trivial or solvable, and

(3) either A,B,A;=1, 2<i<n, or A;B;A;~PSL(2,2™), m;22, 2<i<n, then we
shall say that G is factorizable. We shall refer to the subgroups G;=A;BA4; as
components of G. We 'shall often be dealing with groups G= 4 BA which we shall
know to be factorizable. If in such a situation we write G=A;B;4; X A;B,Ayx - - -
x A,B,A,, then it is to be understood that (1), (2), and (3) hold. Furthermore, if
Gy=A;BA; is a component of G, then G;=(4 N G,)(B N G,)(A N G,;). Thus we
may, and shall, assume that 4;=(4 N G;) and B;=(B N G)).

In this section and the next we shall study groups G of type III which satisfy
the further condition that any proper subgroup or quotient group of G which is of
type III is factorizable. We first obtain some information about factorizable
ABA-groups.

PROPOSITION 6.1. Let G=ABA with A and B abelian and (|A|, | B])=1. Suppose

G~PSL(2,2"),nz2. Then:
(i) |4|=2"+1, Cs(a)=A for all a € A#, and |B,| =2.
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(ii) The involution by € B, satisfies by *abo=a~? for all a € A. In particular, G is of
type 111.
(iii) |B|=2" and Cg(b)=B for all b € B¥.

Proof. By 2.3, G is simple, |G| =(2"—1)2*(2"+1), and G possesses abelian Hall
subgroups R;, R,, and R; of orders 2"— 1, 2", and 2"+ 1 respectively such that the
following conditions hold.

(@) Cg(x¥)=R, forall xe R¥,i=1,2,3.

(b) [Ne(R)|=2|R, i=1,2.

() R N R;#1 implies g € Ng(R), i=1, 2, 3.

By 4.1, |B| is even as G is not solvable. Therefore |4| is odd. Let a € A# be of
prime power order. By replacing R, or R, by a suitable conjugate, we may assume
ae R, j=1or 2. Then A< Cy(a)=R; and, since R; is abelian, R;S Cz(4)=ACp(A4)
S AZ(G)= A. Therefore A= R,. Therefore Cy(a)=A for all a € 4# and |N|=2|A4|.
Since N=AB,, |By| =2 and there exists an involution b, € B, such that C,(b,)=1.
Since |A| is odd, 4=Cy(bo){a€ A | bsraby=a"*}. Therefore by *aby=a~* for all
acA.

By replacing R; by a conjugate, we may assume that b, € Rz. Then B< Cy(bo)
=Rs. Let aba, € R;, a,a,€ A, be B. Then aba,=bg (aba,)by=a~*ba;® and
b~'a?b=a7 2 By (c), either a®=a%=1, or b€ B,. If a?=a%2=1, then a=a,=1 and
aba,=b € B. If b € By, then b~ ab=a; ! and aba, =b € B. Hence B= R;. Therefore
|B|=2" and Cq(b)= B for all b € B#.

If A=R,, then |[4|=2"—1 and (2"—1)2"2"+1)=|G|£|4|?|B|=(2"—-1)*2", a
contradiction. Therefore A=R, and |A4|=2"+1.

LEMMA 6.2. Let G=ABA be a factorizable group of type 11I. Let G=A,B,A4;
X AgBoAgx - -+ x A,B,A,. Then

(i) A=A,A,---A, and B=B,B,- - - B,, and

(ii) ifae A¥, i=2, then Cx(a)=B,B,- - - B;_,B,,,- - B,.

Proof. Let G;=A,;B,A;, 15i<n. Letae A. Then a=x,Xo- - - X, X; € G;, 1 Si<n.
Since A4 is abelian, x; € C;(4;) and hence, by 6.1(i), x; € 4;, 2<i<n. It follows
immediately that x, € 4 N G,=A,. Therefore A=A,A4,---A,. Similarly, using
6.1(iii), B=B,B,- - - B,. Thus (i) holds. Statement (ii) is an immediate consequence
of (i) and 6.1(i).

PROPOSITION 6.3. Let G=ABA be of type 111 and suppose H is a normal subgroup
of G such that either HS A or H<B. Suppose further that G=G/H=ABA is
Jactorizable. Then G is factorizable.

Proof. Let G=A4,B,4, X AyB; A5 % - - - x A,B,A,. If G is solvable, then G is
solvable and therefore factorizable. We may therefore assume that 4,B,4;#1,
2<i=n. Let G,=4,B4;, G, be the inverse image in G of G,, 4, be the inverse image
in A of 4;, and B, be the inverse image in B of B, 1 <i<n. Then G;=A4,B4,]G,
1<i=Zn, and G, is solvable.
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Let j be an integer, 25 j<n. Since HJG;, C;(H)<G,. If HS A, then HS 4;
< Cq,(H). If HS B, then HS B;< Cg(H). Thus, in either case, Cs(H)/H# 1. Since
G,/H is simple, C;(H)=G;. Thus G; is a central extension of PSL(2, 2™). By 6.1,
B; is a Sylow 2-subgroup of G;. Thus B;H contains a Sylow 2-subgroup of G,. A
Sylow 2-subgroup of B;H is contained in BN B;H and is therefore abelian. By
2.3(v), G;=H x H; with H;~ PSL(2,2™). Since G;< G and H is solvable, H;]G. Now
if HS A, then A;=H(A; N H)) and, since G;/H;~H< A, B, H,. If HZ B, then
B;=H(B; " H;) and A4, H,. Therefore, in either case, 4;=(4; N H)(4; N H))
and B;=(B; N H)(B; N H;). Let xe H;. Then x=aba', a,a’ € A;, be B;. Let
a=a,a,, @' =axa,, b=>b,b,, a;,a3€ A; N H, ag,a,€ A;N H;, bye B;N H, by e B,
N H;. Then x=a,ab,b.aza,=(a,b,as)(azb.a,). Since H N H;=1, a,b,a;=1 and
x=ayba,. Therefore H;=(A; N H;)(B; N H))(4; N H)).

Let H,=G,=A4,B,A4,. For 12k, m=n, k#m, [Hy, H,J=H, " H,<H, N H,
N H=1. For ge G, g=hh,---h, with h;e H, 1<i<n. Suppose also that g
=hihy- - -hywithhie H,1<i<n. Thenhhy*e HN H,,1<i<n. Since H N H,=1,
2Zign, hy="h;, 2<i<n, and therefore h, =h;. Therefore G=H, x Hyx - -- x H,
whence G is factorizable.

In the remainder of this section we shall assume that G=A4BA is of type III
and that any proper subgroup or factor group of G which is of type III is factor-
izable. We shall assume G contains a nontrivial normal subgroup H and under
various hypotheses on H we shall show that G is factorizable.

ProPOSITION 6.4, If HS A or HS B, then G is factorizable.

Proof. Assume first that H< A. Let K= H(A N Z(G)). Then K< G. Let G=G/K.
Then G=A4BA4. By 5.1(ii), A= C,(bo) x I,(bo). Therefore, since C,(bo)=A4 N Z(G)
cK, bytab,=a~* for all @ € 4. Hence G is of type III. Therefore G is factorizable
and by 6.3, G is factorizable.

Assume next that H< B. By what was done above, we may assume 4 N Z(G)=1
so that by 'aby=a"! for all ac A. Let G=G/H. Then G'=ABA4 and b;'ab,=a"*
for all d e 4. Therefore G is of type III. Hence G is factorizable and by 6.3, G is
factorizable.

PROPOSITION 6.5. If H is of odd order, then G is factorizable.

Proof. By 6.4, we may assume 4 N Z(G)=B N Z(G)=1. In particular, b; ‘ab,
=a~!forallae A. Let K=(AH)<bo). Then K= A(B N K)A is a solvable group of
type III, |K| is twice an odd number, and BN Z(K)<=Cy(4)=1. By 5.2(i),
K=(A(B, N K))T where T=(B N T)*<]K. It follows from 5.2(ii) that Cr(4)=1
=T N <boy. Hence 2|T|=|<boyT| divides |K|. Therefore |T| is odd. It follows
from 5.4(ii) that T=1. Thus 4<IK. Therefore AH=A(B, N H). Hence H=
(4 N H)(By N H). Therefore A N HH. Since A N H is a Hall subgroup of H,
AN Hchar H. Hence A N HJG.If A N H#1, then by 6.4, G is factorizable. If
AN H=1, then H< B and G is factorizable by 6.4.
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PRrROPOSITION 6.6. If H=A*B*A* A*< A, B*¥*< B, is isomorphic to PSL(2,2"),
n=2, then G is factorizable.

Proof. By 6.4, we may assume 4 N Z(G)=B N Z(G)=1. Hence b;laby=a"*
for all a e A. We may also assume G# H.

Let C=Cy(H). Then C<G and CH=Cx H. Let G,=AH. Then G, = AB*A and
Cn G,<G;. Let G,=G,/(CN G,). Then G,=AB*4, HG,, Cs(H)=1. By
2.3(vi), G, is isomorphic to a subgroup of PI'L(2, 2") containing PSL(2, 2"). By 6.1,
|A*|=2"+1. By 2.3(iii), Cg,(A*)=A*. Therefore A=A*. Hence A=(4 N C)A4*.
Similarly B=(B N C)B*.

It follows immediately that G=CxH and C=(A4 N C)BN C)A4n C).
Furthermore, by="b.b,, b, € BN C, b, € B¥. Now b?=1 and b;'ab,=a~? for all
ae AN C. Since G#H and BN Z(G)=1, A N C+#1. Therefore b, #1. Hence C is
of type III. Since C<= G, C is factorizable. Therefore G=C x H is also factorizable.

PROPOSITION 6.7. If H=A*B*A*, A*< A, B*< B, is solvable, then G is factor-
izable.

Proof. It follows from 6.4 that we may assume G does not possess any nontrivial
normal subgroups which are contained in 4 or in B. In particular, we may assume
A*#1, B*#1, AN Z(G)=1 so that bylab,=a"! for all ae A, and Ny4*)<G.
Let N*=Ng(4*) and B'=B N N*. Then N*=AB’'A. Since b, € B, N* is of type
III. Therefore N* is factorizable. Let N*=A,B1A; x A;B3Ayx - - - X A,BrA,.

By 3.2, H=(A*B})T where B =B* N N* and T= (B* N T)**, and A4* is a Hall
subgroup of H. For ge G, A¥*< H. Since A* is an abelian Hall subgroup of H,
A*9 = A*" for a suitable element & € H. Therefore G= HN*. Thus if N* is solvable,
then G is solvable and therefore G is factorizable. We may therefore assume
A;By Ay #1.

Let a e A*. By 6.2(1), a=a,a,- - -a,, a;€ A, 1 Si<n. Since a° € A for all ge N*,
As=<a% | g€ A;B3A;>< AN A;B3A;=A,. Since AyB3A4, is simple, A;=1.
Therefore a,=1. Hence A*< A4,A4;- - - A,. Therefore A* and T=(B* N T)** are
both centralized by Bj.

By 6.2(i), bo=bb,---b,, bye B, 1 <i<n. Since bglaby=a*! for all ae 4,
b;laby=a"! for all ae A,. Let te T and ae A¥. Then t*c H and therefore ¢
=d't'h,a’ € A*, t' €T, b € B¥. Since A* and T are centralized by B3,

1° = a't'h = a’at’abb2 = (1°)°2 = (th2)* 7" =27,
Hence t%°=t. Since |A| is odd, t*=t. Therefore T is centralized by 4,. Hence
T<C(A;B3A,). Therefore Ny(A;B3A4,)2{AB'A, T)=G. By 6.6, G is factorizable.

PROPOSITION 6.8. If H=A*¥B*A*, A*< A, B¥*< B, is of type 11l and H=G, then
G is factorizable.
Proof. Since H is of type IIl and H=G, H is factorizable. Let

H = A¥BXA% x AXBF A% x - - - x A¥BFA¥.
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If H is solvable, then G is factorizable by 6.7. We may therefore assume A Bf A¥#1.
Let K=A¥B¥A¥ and ae€ A. Then Ke<IH®= H. Since K N K®2 A¥, it is a nontrivial
normal subgroup of both K* and K. Since K is simple, K=K®°. Similarly K= K?
for all b € B. Therefore K< G. By 6.6, G is factorizable.

PROPOSITION 6.9. Suppose H=(BN H)* and G=G/H=B,xAB;A with
(B, By>< B and AB,A~PSL(2,2"), n=2. Then G is factorizable.

Proof. Assume A N Z(G)=B N Z(G)=1. By 3.3, H is nilpotent. Hence AH{b,>
is solvable. Let K=AH{b,>. Then K=A(B N K)A, BN Z(K)<= Cg(A)= B N Z(G)
=1, and 4 N Z(K)SCy(bo)= AN Z(G)=1. If ALK, then [4, H]ISAN H=1
and hence HS Cy(A)=1. Since H#1, Ny(A)<K. Let m=|B N H|. By 5.6, |H|
=m?. Therefore

G| = |H| |B.| |ABoA| = m?|By|(2— 1222 + 1),
By 6.2(1), B=B,xB,. By 6.1, |B,|=2" and |A4|=2"+1. Therefore |A|=|4]|
=2"+1and |B|=|B N H| |B|=m|B,|2". Hence

m?|B,|(2"—1)2"2"+1) = |G| £ |A4|?|B| = 2"+ 1)®m|B,|2".

Therefore m(2"—1)<(2"+1) and hence 2"(m—1)=m+1. Since n=2, it follows
that 4(m—1)<m+1. Thus 3m=<5. Hence m=1 and therefore H=1, a contradic-
tion. Therefore either 4 N Z(G)#1, or BN Z(G)# 1. By 6.4, G is factorizable.

PRrOPOSITION 6.10. If b, is the only involution in B, and H=(B N H)*, then G is
factorizable.

Proof. By 6.4, we may assume A N Z(G)= B N Z(G)= 1. Therefore by *ab,=a~*
for alla € A and hence Cy(by)=B,. Since [A, NN H]SA N H=1, NN H= Cy(A)
SBNZ(G)=1.

Let G=G/H. Then G=ABA and b;'ab,=a"* for all a e 4. Therefore G is of
type 111 and hence G is factorizable. Let G=A4,B,4, x A,B A, x - - - x A, B, A4,.
If G is solvable, then G is solvable and therefore factorizable. We may therefore
assume A,B,A,#1.

Let b be an involution in Ng(A4), b€ B. Then A’ AH. Since A and A° are
abelian Hall subgroups of AH, A®=A*, x € AH. Therefore b=gh with ge N¥
and he H. Now gh=b=5b%=g%h%, Since NN H=1, gbo=g. Since Cy(b,)=B,,
g € By. Now g?h*h=ghgh=>b% € H. Therefore g2 € H N By,=1. Since b, is the only
involution in B,, g=b,. Therefore b=g=h,. Thus b, is the only involution in
Ng(A). B

By 6.1(i), there exists an involution b€ Np,(A4,). By 6.2(1), A=A4,4,- - -A4,.
Therefore b e Ny(A) and hence b=b,. Since by'ab,=a~! for all ae 4 and b,
=be B, Cyg(A,A5- - - 4,), A=A,. Therefore G=B, x AB,A4. By 6.9, G is factor-
izable.
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7. A class of groups of type ITI. In this section we shall prove the following result.

THEOREM 7.1. Let G=ABA be of type II1. Suppose

(1) any proper subgroup or factor group of G which is of type 11l is factorizable,
and

(2) Cila)=N for all a e A*.

Then G is factorizable.

We begin with a lemma which will be used in this section and again in §8.

LEMMA 7.2. Let G=ABA be of type 111. Suppose Ci(a) is solvable for all a e A#.
Let b, € By be an involution, A,=C4(b,), and Ay=1,(b,). Then A=A, x A, and
CG(bl) = AlBAl.

Proof. By 5.1(ii), A=A, x A,. Let g=aba’ € Cg(b,), a,a’ € A, be B. Let a=a,a,
and a'=aya;, a, € A;, i=1, 2. Then a,a.baia5=g=>bi'gh,=a,a; *baia, . Hence
b~'ajb=a;"2%. Suppose a;~2=1. Then a%=1 and, since |4]| is odd, az=a,=1.
Thus g=a,ba; in this case. Suppose next that a;=2#1. Let C=Cg4(a;~2). Then
C=A(B N C)A is solvable and {4, A°><=C. By 3.2, 4 is a Hall subgroup of C.
Hence A°=A° ce C. Therefore be CN and hence g=aba’ € CN. Now CN
=A(B N CN)A is solvable and b, € CN. By 5.2(vi), g € Con(by)=A,(B N CN)A,
and hence g=azb'as, as, a3 € Ay, b’ € B. Since {A4,, B) = Cy(b,), Cy(b,)=A4,BA,.

We turn now to the proof of the theorem. It follows from 6.4 that we may assume
G does not possess any nontrivial normal subgroups which are contained either in
A or in B. In particular, 4 N Z(G)=B N Z(G)=1 and N<G. Since 4 N Z(G)=1,
bg taby=a~1 for all a € A. We break up the argument into a sequence of lemmas.

Let n(X) be the number of involutions in the set X.

LeMMA 7.3. There exist integers m, r, s= 1 such that
(©) n(B)=n(Bo)+(n(Bo)+1)(2"—1),
(i) |B/Bo|=2"r=(n(Bo)+1)(2"—1)+1,
(i) |4]|—1=2mrs=2(n(B,)+1)2™—1), and
(iv) |G| =|A| |B|(|4| - (14|~ 1)/|B/Bo|)=@"rs+1)| B|(2"rs +1~s).

Proof. Let by, b4, . .., b, be a complete set of distinct coset representatives of B,
in B. Foriz 1 and a € A%, set b; 'ab;=a,ba,, a,, a; € A, b € B. By 5.3(vi), a, =a,#1
and b e B— B, is an involution. In particular, n(B— B,)= 1. By rearranging the
order of the b;’s, we may assume that b,, b,, . . ., b, are involutions and that b;B,
contains no involutions if i> k.

Since B is abelian, {b,B, | 0= j<k} forms a subgroup of B/B, of order k+1=2"
for a suitable integer m>1. Now |B/By|=2"r for a suitable integer r=1. Fur-
thermore, n(B— B,)=(n(Bo)+ 1)k=(n(By)+1)(2™—1). Therefore n(B)=n(B,)+
(n(By)+ 1)(2™—1). Thus (i) holds.

Suppose b; lab;=b;'a'b;, a, a’ € A#. Then b;b; *abb; *=a’. By 5.3(ii), b;b; 1 € N.
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Hence b;=b, and a=a’. Therefore

(IB/Bo| —1)|4#| = |{bi*ab, | 1 < i < nand a € A%}
< [{ayba, | a, € A# and b is an involution in B— B,}|
< |A#|n(B— B,) = |A#|(n(Bo)+1)(2"—1).

Therefore |B/B,| =2™r £ (n(B,)+ 1)(2"— i)+ 1. Thus (ii) holds.

By 5.3(v), |G|=|4| |B|(|A|—(|4|—1)/|B/Bo|). In particular, |B/B,| divides
|A|—1. Let | 4| — 1 =|B/Boy|s=2"rs. Then |G| =(2"rs+1)| B|(2"rs+ 1 —s). Thus (iv)
holds.

Fix i= 1. It follows from 5.3(vii) that the map a — b from A# into the set of all
involutions in B— B, determined by b; 'ab;=a,ba, is at most two-to-one. Therefore
|A| —1=2"™rs £2n(B— By)=2(n(B,)+ 1)(2™—1) and (iii) holds.

LEMMA 7.4. Suppose b € By—{b,} is an involution. Let A, = C,(b) and let C= Cy(b).
Then:
() |Cl=]44] |B|(|4] — (41| —1)/|B/Bo)).
(i) |A4,|=k|B/Bo|+1, k=1or2.
(iii) Any involution in B, either centralizes A, or inverts the elements of A,.

Proof. By 7.2, C=A,BA, and A=A, x I,(b). If A, =1, then, since bg lab,=a"*
for all a € A, bby, € Cz(A)<= B N Z(G)=1 and therefore b=b,. Since this is not the
case, A; # 1. It follows from 5.3(ii) that Ng(4,) = N. Since B is abelian, B, < Ng(A4,).
Therefore Ny(4,)=B, and Co(@)=N N C< Ny(4,) for all ae A¥. Statement (i)
now follows immediately from 5.3(v) applied to C.

Since B N Z(G)=1, C<=G. Since b, € C, C is of type III and is therefore factor-
izable. Let C=A,,B A1 X A13B3A13X - -+ X A1,B,Ay,. Since Co(a)<= No(4,) for
all a € A¥, either C is solvable, or C= B, x 4,B,A,. Suppose first that C is solvable.
Then it follows from 5.3(viii) that |4,|=|B/B,| +1 and any involution in B, either
centralizes 4, or inverts each element of 4,. Suppose next that C= B, x A;B,4,.
Then B; < B,. Hence By= B, X (B; N By). By 6.1, |4,|=|Bs|+1, | B, N By|=2, and
the involution in B, N B, inverts 4, elementwise. Therefore

[A1] = |Ba|+1 = 2|Bo/(By N Bo)|+1 = 2|ByBy/By(B; N Bo)|+1 = 2|B/By| +1,

and any involution in B, either centralizes A4, or inverts each element of A4;. Thus
(iii) and (iv) hold.

LEMMA 7.5. by is the only involution in B,.

Proof. Suppose there exists an involution b, € By—{bo}. Let A,=C,(b,) and
Ay,=1,(b,). Then A=A, x A,. Furthermore, since bglab,=a~* for all aec A,
Ay=Cy(b,bo). Let b € B, be an involution. By 7.4(iii), either C,(b)=A4, C,(b)=A,,
C.(b)=A,, or C,(b)=1. Hence one of the elements b, bb,, bb,b,, or bb, centralizes
A. Since Cy(A)= B N Z(G)=1, we must have b=1, bb, =1, bb,by=1, or bb,=1.
Therefore by, b, and b, b, are the only involutions in B,. Therefore n(B,)=3.
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By 7.3(iii), | 4| — 1 =|B/By|s=2"rs £ 8(2™)— 8 with m, r= 1. Now A=A, x A, and
by 7.4(ii), | 4| =k2"r+1, k;=1 or 2, i=1, 2. Therefore

0 |4| =1 = Q"r)(Qrkiko+ ki +k3) < 8(2™)—8.

Therefore 2™r(2mr+2)<8(2™)—8. Hence 8=2™(8—2™r2—2r). In particular,
8>2mr242r. Since m, r21,2"<4 and r=1.

Suppose first that 2"=2. By (1), 2(2k.ky+k,+k,) <8. Therefore k,=k,=1.
Therefore |B/By| =2"r=2, |A,| =2k, +1=3, and by (1), | 4| =9. By 7.4(i), | Cs(b,)|
=(3)|B|(2). On the other hand, by 7.3(iv), |G| =(9)| B|(5). This contradicts the fact
that |Ce(by)| divides |G].

Suppose next that 2"=4. By (1), 4(4k k,+k;+k;)<24. Therefore k,=k,=1.
Therefore |B/B,|=4, |4,|=5, and |4|=25. Then |Cq(b,)|=(5)|B|(4) and |G|
=(25)|B|(19). Once again |C4(b,)| does not divide |G|, a contradiction. Therefore
b, is the only involution in B,

LEMMA 7.6. The following conditions hold.
(i) |B/Bo|=2".
(ii) |[A|=2"+1 or 2m*141.
(iii) If |A|=2m*1+1, then every involution in G is conjugate to b,.

Proof. By 7.5, n(B,)=1. By 7.3(ii), | B/ Bo| =2™r <2(2™) — 1. Therefore 1 < (2—r)2™
and hence r=1. Thus (i) holds. Furthermore, by 7.3(iii) and (iv), |4|=2"s+1 and
|G|=(2"s+1)|B|(2"s+1—s). We shall determine the possible values for s by
comparing the number of conjugates of b, with n(G).

Let a,ba, be an involution, a,, a, € A, b € B. Then a,ba,=az b~ a7 . By 5.3(iv),
either a;=a;' and b=b"1, or be B,. Suppose be B,. Then bala,=b"(az ')’ 'a;?
and therefore b2 € A N B=1. Since b, is the only involution in By, b=b,. Therefore
aba;=a,a;b=azb, az € A. Since |A| is odd, ag=a2, a, € A. Therefore a,ba,=azb
=alb=a,ba;*. Thus every involution in G is of the form a~'ba with ae 4 and b
an involution in B. Now suppose ai b,a, =a; 'b,a, where a,, a, € A, and b, and b,
are involutions in B. Then a,ai b, =bja.a7*. By 5.3(iv), b, =b, and either a, =a,,
or b, € N. In particular, b, € Cy(azar?). If b, € N, then b, = b,. Since C,(b,) =1, this
forces a,a;*=1 so that a,=a, in this case as well. Therefore n(G)=|A4|n(B).
Hence, by 7.3(i),

n(G) = |4|2™+1-1).

By 7.2, Cs(bo)= B. Thus the number of conjugates of b, in G is
|G|/|B| = @ms+1)2ms+1—s5) = |4]|2™s+1—3).

Since the number of conjugates of b, is at most n(G), 2"s+1—s)<(2m*1—1).
Thus 2—5=<2™(2—s) and therefore s=1 or 2. Therefore |4|=2"s+1=2"+1 or
2m+141 and (ii) holds. Furthermore, if |4|=2"*1+1, then s=2 and hence
|A|(2™s+1—5)=|A|(2™**—1). That is, if |A|=2"*'+1, then the number of
conjugates of b, is n(G). Thus (iii) holds.
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Lemma 7.7. If |A|=2"+1, then G is factorizable.

Proof. By 7.6(i), | B/Bo| =2™. Therefore, by 7.3(iv), |G| =|A4| |B|2"=|A4| | B,|22™.
Therefore B, contains Sylow p-subgroups of G for all odd primes p dividing |B|,
and A is a Hall subgroup of G. Let B*=0(B,).

Assume first that B*=1. Then |B,|=2* for some integer k=1, and |G|
=|A|22m*k, Let S be a Sylow 2-subgroup of G. Then G=AS. Thus G is a product
of two nilpotent groups and hence G is solvable [11]. Therefore G is factorizable.

Assume next that B*# 1. Let a,b,a, € No(B*), a,, a; € A, b, € B, and let b € B*.
Then a; *b7 a7 *ba,b,a,=b' € B*. Hence

az'bitait = b'(az*bitar )bt = (az ) bbb Har )

Therefore
bb,b'~*(ah ar)bit = (a7’ a4y

It follows from 5.3(iii) that b'~b=1. Therefore b=5'. Therefore B*<=Z(Ny(B*)).
B* is an abelian Hall subgroup of G. Therefore =, the transfer of G °

maps B*=B* N Z(Ny(B*)) onto itself [8]. Therefore ker (r)<G. !

cker (7). Hence ker (7) is of type III. By 6.8, G is factorizable.

LemMA 7.8. If |A|=2"*1+1, then G is factorizable.

Proof. By 7.6(i), | B/Bo| =2™. Therefore, by 7.3(iv), |G|=Q2™**+1)|.

Thus a Sylow 2-subgroup of G is contained in B and is therefore abelian. By 7.6(iii),
every involution in G is conjugate to b,. By 7.2, C(bo) = B. Therefore the centralizer
of any involution of G is abelian. If O(G) # 1, then G is factorizable by 6.5. We may
therefore assume O(G)=1.

By 2.2, G is isomorphic to a subgroup of PT'L(2, q) containing PSL(2, q) where
either g=3 or 5 (mod 8), g=5, or g=2", n=2. It follows from 2.3(iv) and 2.4(i)
and (ii) that G possesses a normal subgroup H2 PSL(2, q) such that |G/H| is odd.
Since |bo| =2, by € H. Hence a?=b;(a~'bya) € H for all a e A. Since |A4] is odd,
A< H. Hence H=A(B N H)A. Since b, € H, H is of type III. If H=G, then G is
factorizable by 6.8. We may therefore assume that H=G.

If g=3 or 5 (mod 8), ¢ > 5, then, by 2.4(iii), B= C4(b,) is dihedral of order g + 1.
Since g + 1 #4 in this case, Bis not abelian, a contradiction. Therefore G~ PSL(2, q)
where g=35 or g=2", n=2. By 2.4(ii), PSL(2, 5)~ PSL(2, 4). Thus G~ PSL(2, 2"),
n=2, in either case. Therefore G is factorizable.

It follows from 7.6(ii), 7.7, and 7.8 that G is factorizable. This completes the
proof of Theorem 7.1.

8. The structure of groups of type III. In this section we shall prove the following
result.

THEOREM 8.1. Fvery ABA-group of type 111 is factorizable.

Proof. Assume false and let G=ABA be a counterexample of minimal order.
Then any proper subgroup or factor group of G which is of type III is factorizable.
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It follows from 6.4 that 4 N Z(G)=B N Z(G)=1. In particular, bg lab,=a"* for
allae A.

"For a € A#, let N*(a)={Cqa), N). Since N=AB, and Cg(a)=ACgz(a)4, N*(a)
=A(Cg(a)By)A. Let L(a)=<a® | b € B,)>. Then L(a)< A4 and B,< Ng(L(a)). Since A4
and B are abelian, {4, Cy(a))> < Cs(L(a)). Therefore L(a)<I N*(a). It follows from
6.4 that N*(a)=G. Let M(a) be a fixed, but arbitrary, maximal subgroup of G
containing N*(a). Since 4 < M(a), M(a)=A(B N M(a))A. Since b, € M(a), M(a) is
of type III. Hence M(a) is factorizable. Furthermore, A N Z(M(a))< C4(bo)=1
and B N Z(M(a))< Cg(A)= BN Z(G)=1.

It follows from 7.1 that there exists an element a* € A# such that N*(a*)& N.
We shall reach a contradiction by studying M(a*). We break up the argument into
a sequence of lemmas.

LeMMA 8.2. Suppose N*(a)E N, a € A#. Then M(a) is solvable.

Proof. Let M = M(a) and assume that M is not solvable. Let 4;B;4;, 1 =i<n, be
the components of M. Then M=A4;B,A; x A;B3Asx - -+ x A,B,A,. Since N*(a)
¢ N and M is not solvable, at least two of the 4,’s are nontrivial. For otherwise
M=B,xA;B,A, and N*(@@)¢N by 6.1(). By 6.2(), A=4,4,---4, and
bo=bby- - -b,, b€ B, 1 £i<n.Since by *a’by=a'~*for all a’ € A, b; *ab;=a;* for
all g€ 4;, 1<i<n. Hence b;e Ny(A;)=B,, 1=5isn, Cybby)=A4.#1, and
Culby)=A,A45-- A, #1.

We first show that N*(a’)< M for all a’ € A#. Now if N*(@')= N, then N*(a')
< N*(a)< M. We may therefore assume N*(a')EN. Let M'=M(a').

Assume first that M’ is solvable. Then M’ =(4AV)B, where V=(B N V)*<IM".
Since N*(a')E N, Ny (4)=M'. By 5.7,

M' = (4145 - A,) V1 x A3V3)Bo

where V, and V,, are A-invariant subgroups of ¥ and therefore satisfy V;=(BN V})4,
i=1,2. Let H,=A,B,A,. Let H,=A;B;A; be a nontrivial component of M with
#2. Then
Ne(Hy) 2 <M, Cx(43)> 2 (M, BN V),
and
No(Hs) 2 <M, C5(4,)) 2 (M, BN V).

Since G is not factorizable, it follows from 6.6 and 6.7 that Ny(H))<G, i=1, 2.
Since M is a maximal subgroup of G, No(H;)=M, i=1, 2. Therefore

(BAV,BNV,>< M.

Since AB,= M and V;=(B N V)4, i=1,2, M'S M and hence N*(@a)= M.

Assume next that M’ is not solvable. Let H;=A;B;A;, 1 £i<m, be the compo-
nentsof M. Thenm=2, Hi#1,2<i<m,and M’ = A1B1Ay x A3B3 A5 % - - - Ay BpAr,.
By 6.2(i), A=A}A5- - - A},. Furthermore, since by € B,c M’, by=b1by- - - by, with
bie Ng(4), 1Zism.
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Suppose b,=b;. Then A,=C,(bsbo)=C,(bibo)=A; and A;---A,<S CybY)
=Cy(by)=A,4;5 - - A,= C4(By). In particular, Ng(H3)2{M', Cx(A43)>2{M’, By).
By 6.6, No(H3)<G. Since M’ is a maximal subgroup of G, N;(H3)=M'. Therefore
B,=M'. Since B,< Cy(A3- - - Ay,), it follows from 6.2(ii) that B,< B;. Therefore,
since A, A, A,B,A,< A1B1A;. This is impossible as 4;B1A4; is solvable and
AyB3A, is not. Therefore, by rearranging the components of M', by=b1bs- - -bj
with bj#1, 2<i <. It follows from 6.1 that b;~*aib;=a; ™! for all aj € A;, 2<i <.

Suppose j<m. Then A;S Cy(bobo)=A,SCy(ByB;s---B,), and Aj,,SCuby)
=A,A5- - - A, = C4(By). Therefore N (H3;)2{M', B,B;---B,> and Ny (Hj,,)2
{M', By>. By 6.6, No(H3)< G and Ny(H;.,)<G. Therefore Ny(H3)=Ng(H;,,)=M".
Hence BB, - -B,=M'. Since A M’, Mc M'. Since M is a maximal subgroup of
G, M=M’'. In particular, N*(@" )= M.

Suppose j=m. Then A,A; - -A,=Cu(b)=A;, and AzA;- - A< Ca(bobo)
=A,=C,(B,B;--+B,). In particular, Ny (H;)=2{M’, B,B;---B,>. Therefore
B,B;---B,=M’. Since B,B;--- B, centralizes A3A3- - - Ay, it follows from 6.2(ii)
that B,B;- - - B, < B;. Since A,;A;--- A, < A; and A1 B; A is solvable, we must have
n=2. Since at least two of the A,’s are nontrivial, 4,B, A4, # 1. By expressing b3 as a
product of elements in the B;’s and repeating the above argument, we see that
either M=M' or m=2, B;< B,, and A} < A4,. In the latter case, A;B;4,=A1B1 A}
and hence Ng(4,B,4,)=2<{M, M"). It follows from 6.7 that Ng(4,B,4,)<G.
Therefore M=Ng(A,B,4,)=M'. Thus M=M’ in either case. Hence N*(@)= M.

Therefore N*(@')s M for all a’ € A#. Now suppose A N A°#1, be B. Then
A< Ce(A N A)S M. Therefore M°=A%B N M)’ A’ M and hence b e Ng(M).
It follows from 6.8 that Ng(M)<G. Therefore Ny(M)=M and hence b € M.

Letb*=b,b;- - - b,. Then b*=b,b,. Let C= Cyz(b*). We next show that C= A,BA,.
Clearly (A,, B)<C. Thus it suffices to show that each element of C can be ex-
pressed in the form a,ba; with a,, as€ A, and be B. Let a"ba’ € C, a",a’ € A,
be B. Let a"=a,a,- - -a, and @' =ajay- - -a, with a;, a; € A;, | £i<n. Then

a,a,- - -a,baia; - -a, = (a1ay- - -azbaiay- - - ay)®

= a7'a,az’- - -a; *hay lazas -

’—
Y A

Therefore b~ 'a%a}- - -a2b=a\"%dy 2 - -a,% Thus either a,a;5- - -a,=a a5 - -a,=1,
or AN A®#1. In the first case, a"ba’ =a,ba; is of the required form. Suppose, on
the other hand, that 4 N A°#1. Then be M. Let b=g,g,- - -g,, gi€ B, 1 Zisn.
Then g/ a?gi=a;"2,i=1, 3,...,n By 5.2(v), g7 ‘a1g, =a3" . By 6.1(i), either a;=1,
or gi'agi € Cypafaid)=A;,32i<n. If a;=1, then a,=1 and therefore g; 'a;g;=1
=a;71. If gilag € A;, then, since |4;| is odd, g/ 'a,g;=a;~! being the unique
square root in 4; of a;~2. Therefore b~‘ab=g; *ag;=a;" %, i=1,3,..., n. Hence
a'ba’ = abb~Y(a,a;- - -a,)baray- - -anas = axbas.
Therefore C=A4,BA,.

Since BN Z(G)=1, C<=G. Since b, € C, C is of type III. Therefore C is factor-
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not solvable. Hence Ay5B35A405# 1. Suppose Ag;#1 for some j#2, 1 £j<k. Then
By, = Cy(A2;)S M. Since B,, centralizes Ay; S A,, it follows from 6.2(ii) that
By, S B B;- - - B, = Ci(Ay,). This is impossible as Az, S Ag, A23#1, and C,,,(Bgg)=1.
Therefore Ay= Ay and C= By, X A;ByA,. Since C/A;By3A, is solvable, A;BA4,
< A,B,,A4,. It follows from 6.1 that A,B,A,= A;B0A,. But By, S Ci(A)S M.
Therefore B C=B,; x A;B;A;= M. Since AS M, M=G, a contradiction. This
contradiction completes the proof of Lemma 8.2.

LeEMMA 8.3. b, is the only involution in B, and O(B,)=1.

Proof. Assume false. Recall that there exists an element a* € 4# such that
N*@*)¢N. Let M*=M(a*). By 8.2, M* is solvable. Therefore M*=(AT)B,
where T=(B N T)*<IM*. Since N*(a*)E N, Nyo(A)= M* and T# 1. Furthermore,
ANZM*)=Cyby)=1 and BN Z(M*)=Cyx(A)=1. Suppose there exists an
involution b’ € By—{b,}. Then, by 5.7, M*=(A,T; x A;T,)B, where A;=C,(b’),
A,=C4(b'by), and T, and T, are A-invariant subgroups of 7. Furthermore, 4= A4,
x A, and, since BN Z(G)=1, A, and A, are both nontrivial. We may assume,
without loss of generality, that T; # 1. In this case we set B; =<b"). Suppose next
that b, is the only involution in B,. Then O(By)#1. By 5.9, M*=(A4,Tx A5)B,
where 4, =C,(O(B,)) and A,=[A4, O(B,)]. Here again, A=A, x A, and 4, and 4,
are both nontrivial. In this case we set B;=0(B,), T,=T, and T,=1. Thus, in
either case, M*=(A,T, x A;T,)B, where A,=C,(B,), A=A, x Ay, Ay, A3, and T
are nontrivial, and T, and T, are A-invariant subgroups of 7.

Since T=(B N T)4, Cr(A)SCsnr(A)=B N Z(G)=1. Hence, by 5.4(v), T is an
elementary abelian 2-group. Let T1=Ty; XT13X -+ XT1p where Ty; is A-irre-
ducible, 1 £i<m. Now if V is any A-invariant subgroup of T, then V=(B N V)4
and therefore V<\M*. Hence T;=(B N T)*<M*, i=1,2, and Ty;=(B N Ty,)*
<IM*, 1= j<m. It follows that

Cr(bo) = Cry(bo) X Cry(bo) = Cr, (bo) X - - - X Cr,,(bo) X Cr,(bo).
By 5.4(i), C(by)=B N T. Therefore
BNT=BNT)X(BNT,) =BNTy)x - x(BNTp)x(BNTy).

Since B N Z(M*)=1, it follows from 5.2(ii) and (iii) that BN M*=(B N T) x B,.
Hence BN M*=(B N T,)x (B N T,) x B,.

We next argue that N*(a)< M* for all ae A#. If N*(@)= N, then N*(a)= M*.
Suppose N*(a)£ N, a € A#. Then M(a) is solvable by 8.2. Therefore M(a)=(4W)B,
where W=(B N W)A<IM(a). As above, M(a)=(4,W,x A;W;)B, with W=
(BN W4, i=1,2. Now AT,=A(BNT)A;, i=1,2. Therefore Ngz4,T;)=
(M*, Cy(A)>2{M* BN W,), and Ng(A.T,)2{M*, Cx(Az))2{M*, BN W;).
It follows from 6.7 that Ng(4,T)<G, i=1, 2. Therefore No(4,T)=M*, i=1,2.
Therefore (B N W, BN W)= M*. Since AB,= M* and W,=(B N W)4, i=1,2,
M(a)< M*. Hence N*(a)= M*.
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Suppose 4 N A°#1, be B. Then A°=Cy(4 N A®)= M*. Since A is an abelian
Hall subgroup of M*, 4°= A4* for some x € M*. Therefore b € M*N= M*. Suppose
next that A°> N M*#1. Then A° " M*<A* for some xe& M*. Therefore A°
S Cy(A° N M*)c M**= M*. As above, be M*N=M*.

Let C=Cy(B;). We next show that C=A4,BA,. It follows from 8.2 that Cy(a) is
solvable for all a e 4#. Thus, if B,=<b"), b’ an involution, then C=A4,BA, by
7.2. Suppose B;=0(B,). Let g=aba' € C, a,a’ € A, be B, and let b* e B,. Let
a=a,a, and @' =aia; with a,, a; € A,, i=1, 2. Then

r_1pe

a,azbaia; = g = g*° = (a1a;ba1a2)"" = a,a8"bayay”.

Hence b~ 'ay(a; )**b=as""a5"*. Suppose first that a?*a; =1 for all b* € B,. Then
ax(a; )" =1 for all b* € B,. Hence a,, as € A, N A,=1 and therefore g=a,ba’.
Suppose next that a?*ay"'#1 for some b* € B;. Then 4> N A#1 and therefore
be M*. Hence g € Cyo(B,). By 5.9(iii), g € A,(B N M*)A,. Therefore C=A4,BA,.

Let B;=Ngy(A,) and B3=Cgx(A4,). If be B,, then A® N A#1 and therefore
be M*. Since BN M*=(BNT,)x(BNT,)xB, and (BN T,)B,=B;, B,=
(B; N Ty)(B N T,)B,. Since [B, N Ty, A;]1=T; N A, =1,

B2 N Tl < CBI'\Tl(Al) < CB(A) = I

Therefore B,=(B N T,)B, and hence B;=(B N T,)(B; N By).

Since B N Z(G)=1 and B, #1, C<G. Since b, € C, C is of type III. Therefore C
is factorizable. Let C=A,,B; ;A X A13B12A412% - -+ X Ay BiAr. By 8.2, Cgla)
is solvable for all a € A#. Therefore either C=B,, x 4;B,,4,, or C is solvable.
Suppose C=B,; X A;B;,4,. It follows from 6.1(i) that |4,|=|Bs|+1 and By,
= Cy(A,)= B,. Furthermore, if b € Cpnr,(a), a € AY, then be B;; N Ty S Cyar,(4,)
€ Cy(A)=1. Therefore A, acts regularly on T;. By 5.2(vii), C4,r,)5,(a) S 4B, for
all a € A¥. By 5.3(viii),

|41] = |(BNTy)Bo/Bo|+1 = |BNTy|+1.
Therefore |B,,|=|B N T;|. Hence
|B| = |Byy| |Bia| = |Bs| |BNTy| £ |BNTy| |Bo| |BNTy| = |BN M*|.

Therefore B€ M*. Since A< M*, M* =G, a contradiction. Therefore C is solvable.
Since C is solvable, C=(A4,U)B, where U=(B N U)*<C. Let C=C/B;. Then

6 = ZIEZI = le_jéz and U = (Bﬁ U)Al = (Eﬁ U)Zl.

Suppose b~'ab=a’, a,a’ € A,, b€ B. Then b~'ab=a'b*, b* € B;. Hence |b~'ab|
=|a’| |b*| and therefore b*=1. In particular, BN Z(C)=Cx(d,)=1, Nx(4,)
=B,<C, and 4, N Z(C)< Cy,(bo)=1.

Since U=(B N U)*, Cy(4,)<= Cx(4;,)<B N Z(C)=1. Hence by 5.4(v), U is an
elementary abelian 2-group. Let U=U;x U, x --- x U, where each U; is A;-
irreducible, 1=<j<n. Then U,=(Bn U)4<C, 1<5jsn,and BN U=(Bn U,
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x(BN Uy x -+ x (BN U,). Let U, be the inverse image in U of U,, 1 £j<n. Then
U=U,U, - U, and U;=(BN U)*", 1<j<n If Uc M*, then B€C<M* and
therefore M*=G. Since this is not the case, UE£ M*. Thus we may assume, by
rearranging the U,’s that U, & M*.

Suppose Cz,(U;)#1 for some i, I Si<n. Letbe BN U;and ae€ Cz,(U), a e AF.
Then 6-'ab=a and therefore b~'ab=a. Hence b € Cy(a) < M*. Therefore B N U,
S M*. Since A, =M* and U;=(Bn U)*, UicsM*. Hence, since U, &M*,
Cz,(U,)=1. It follows from 5.4(iii) that 4, acts regularly on U,. It follows from
5.4(iii) and (iv) that Cz (U,)#1, 2<j<n. Therefore U,Us- - - U,= M*. Let B, be a
Sylow 2-subgroup of B, and Bs=Q,(B,). Since Cz,(U;)=1 and Cx(4,)=1, |Bs| =2
by 5.5(ii). Hence b, is the only involution in B,.

Let A;;=C,,(T},). Suppose A;;=1. Then, by 5.4(iii), 4, acts regularly on Ty,.
Let be BN U, be B, i=2. Then there exists an element a € A¥ such that 5=5%.
Hence b=5b°. Since be U, M, b=b,,- - -b;,b.b* with b* € By, b€ BN T,, and
b;;e BN Ty, 1=j<m. Since b=>5b* and T is abelian,

bR (b*a) "1 = b3bit - - bebi byt e By N T < Cy(d) = 1.

Therefore b%, =b;,. Since A4, acts regularly on T,, b;; = 1. Hence b=b,5- - - by ,bb*
Since B,=(B N T,)B,, it follows that

BNU)BNUs)---(BNU)B, < (BN Tip) (BN T1n)(B N Ty)B,.

Hence

|B| £ [BNU;| (BN Tyg): - (BN Tin)(B N T)By|.

Since A4, and A4, act regularly on T;, and U, respectively, it follows from 5.2(vii)
and 5.3(viii) that |4,|=|BN Ty,|+1 and |4,|=|BN U,|+1. Since 4 N B3=1
=Ty, N B,

|A1| = |Zl| and IBn Tlll = ‘Bn Tlll‘

Therefore

|En Ull = |BN Tyl
Hence

|B] £ |BNTy| (BN Ty) (BN Ty,) (BN T,)By| = |BN M*|.
Therefore
B = Bn M*

Since B;=B N M*, B=B N M*. Since A= M*, M*=G, a contradiction. There-
fore A,,;#1.
Let b€ BN Ty, and set b=b,b,- - -b,b* with b,e BN U, 1 <i<n, and b* € B,.
Let a € A%,. Then b=>5b% and therefore
b*(b*¥) -1 = b3b;! - -b2b;'e B, N U < Cx(4,) = 1.



1969] ON ABA-GROUPS OF FINITE ORDER 141

Hence b* =b** and b;=b?, 1 <i<n. Since A, acts regularly on U,, b, =1. Since T is
an elementary abelian 2-group, b42=1 and hence b*2=1. Since b, is the only in-
volution in B,, Cz,(bo)=1, and a € Cz,(b*), we must have b*=1. Thus b=b,- - -b,.
Hence

BNT,<(BNUy) - --(BNT,.

Since Ty, =(B N Ty,)4, A=A, x A,,and A4, centralizes T;,,we have Ty, =(BNTy;)%1.
Therefore T;, (BN Uy - (BN U1 =U,---U,. Hence [Ty, U,]< Bs.

Let teT);, ueU, and ac A¥. Let g=u't"'ut. Then ge [Ty, U;]<B;
= Cy(4,) < Cx(a). Therefore

u -yt = g= ga — (u—l)a(t—l)auata — (u'l)"t‘lu“t.

Hence u*u~! € Cy (¢). Since t was arbitrary, uu™! € Cy,(Ty,). Let V=Cy (T1y).
Then V is A,-invariant. Hence either V=1, or ¥="U,. Suppose ¥=1. Then
#%1~*=1. Since 4, acts regularly on U,, i=1. Since u was chosen arbitrarily, this
need not be the case. Therefore V= U,. Hence U,=VB;. Since T,;=(B N Ty;)*,
B3< Cy(Ty;). Therefore U, < Cy(Ty;). Hence Ng(T1,)2{M*, U;). Since U, & M*
and M* is a maximal subgroup of G, Ny(T,,)=G.

Let G=G/T,,. Then G=ABA and bs'ab,=a~* for all 4 e 4. Hence G is of type
III. Therefore G is factorizable. Let G=A;B, A} x AyByAy % - - - x A.B.A.. Since
G is not solvable, G is not solvable. Therefore A;B;4,+ 1. Suppose A.#1, s#2.
Let A4 be the inverse image in 4 of 4, and let Bj be the inverse image in B of Bj.
Then for b e By, AYS AT\, < M*. As was shown above, this implies b€ M*,
Thus B,< M*. Since A< M*, M* contains the inverse image of A;B;,4,. This is
impossible as M* is solvable. Therefore G = B} x A;B;45. It follows from 6.9 that G
is factorizable, a contradiction. This completes the proof of the lemma.

LeMMA 8.4. G possesses a normal subgroup K such that |G/K|=2%, s 1.

Proof. Let M*=M(a*). By 8.3, M* is solvable. Hence M*=(AT)B, where
T=(B N T)A<IM*. Since N*(a*)& N, Ny(A)= M* and T+#1. By 8.3, b, is the only
involution in B,. Hence, by 6.10, No(T)< G. Since M* is a maximal subgroup of G,
N(T)=M*. By 5.6, |T|=|B N T|2. By 5.4(v), T is an elementary abelian 2-group.
By 8.3, B, is a 2-group. Therefore S=TB, is a Sylow 2-subgroup of M*. By 5.4(i).
Cr(bog)=B N T. Therefore Cr,5(1)=T forall te T— (BN T).

Case 1. |T/B N T|+#2. Suppose T’ < S is elementary abelian and |T’|=|T|. Then
TT'|T<=Q,(S/T). Since b, is the only involution in B, and B, N T<Cx(4)=1,
Q,(S/T)=T<boy/T. Therefore T'=T<b,» and |T’|/|T N T'|=|TT’|T|<2. In par-
ticular, |T'|S2|TNT'|. Since |T|=|BNT|*#1 and |T/BNT|#2, 2|BNT|
<|T|=|T’|. Therefore |B N T|<|T N T’|. Thus there exists an element te TN T
such that t¢ BN T. Then T’ < Crpyy(t')=T. Since |T’|=|T|, T'=T. Thus T is the
only elementary abelian subgroup of S of order |T|. Hence T char S. Therefore
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N(S)S Ng(T)< M*. Hence S is a Sylow 2-subgroup of G. By Griin’s Theorem [4,
Theorem 7.4.2],

§ N [G, G] = <S N [Ne(S), Ne(S)], S N [S*, §¥] | x € G).
Since Ng(S)< M* and M*/AT is abelian,

[S,S]1<S SN [NLS), No(S)] € SN AT =T.
Therefore

1) SNI[G,G] =<T,SNT*|xeG>.

Suppose there exists an element x € G such that S N\ T*ET. Then there exist
elements u€ S—T and t € T such that u=x"1tx. Let x=aba’, a,a’ € A, b€ B. Let
t'=a 'ta and W' =d'ua’"'. Then u'=a'(x"tx)a’"‘=b"'t'b, t'eT*=T, and
We(S-T) 'cM*-T. Now BNT<Cyib t'h)=Csu'), and Cu(BNT)
=C,(T)TB,. Therefore u’'=a,t,b, with a, € C,(T), t, € T, and b, € B,. Hence

blal]’.ltgltlalbl = a1t1b11101b1 = altlblaltlbl = u'2 = b_ltlzb = 1.

Therefore by 2=al1td1t,a, € By N AT< B, N T=1.Since A N T=1, a’a,=t"t,=1.
Suppose b, =1. Then a?=1 and therefore a, =1. Then ¥'=a,t,b,=t, € T, a contra-
diction. Therefore b, # 1. Since b, is the only involution in By, b, =b,. Therefore,
since t1=t,, t; € Co(by)=B N T. Hence t'=bu'b~t=ba,t,b,b~*=ba,b~t,b;. In
particular, ba;b~* € S. Since |4| is odd, a;=1. Therefore t'=bu'b~1=1tb,=u'.
Hence u’ € T, a contradiction. Therefore S N T*< T for all x € G. Together with (1)
this implies S N [G, G]<T.

G possesses a normal subgroup K such that G/K~S/S N [G, G] [4, Theorem
7.3.5]. Since S is a 2-group and S N [G, G]1=T+#S, |G/K|=25 s= 1.

Case 2. |T/BN T|=2. Then |T|=|B N T|*=4. Suppose b € B, is of order 4.
Then b% € Ci(T). But b2 is an involution, b, is the only involution in By, and
by ¢ Co(T). Therefore B, does not contain any elements of order 4. Hence B,
=<(by> and therefore S=T{byy. It follows that Z(S)=B N T.

Let P be a Sylow 2-subgroup of G containing S. Then Z(P)S Ni(T) N P=M*
N P=S. Therefore Z(P)<Z(S)=BNT. Since |BNT|=2 and Z(P)#1, Z(P)
=BNT. Lette T—(B N T). Then Cp(¢) normalizes T. Therefore Cp(¢)=Cy(t)=T.
Since P is nonabelian, |P/[P, P]| = |P/¢(P)|=4. Now ¢ has |P|/|Cs(t)|=|P|/|T|
=|P|/4 distinct conjugates t, 15, ..., I, in P. Since 1, 1,¢7%, t5t71, ..., t,t 71, are
distinct elements of [P, P], |[P, P]| Z|P|/4. Therefore |P/[P, P]|=4. Hence P is
either dihedral, semidihedral, or generalized quaternion [4, Theorem 5.4.5]. Since
P contains more than one involution, it is not generalized quaternion.

Since Ci(B N T)=23, it is not abelian. By 7.2, C4(b,) =B and therefore Cy(b,) is
abelian. Hence G has at least two conjugate classes of involutions. Furthermore,
since G is not solvable, G does not possess a normal 2-complement. Therefore G
has a normal subgroup K of index 2 [4, Theorem 7.7.3 and Exercise 7.7].



1969] ON ABA-GROUPS OF FINITE ORDER 143

We can now easily complete the proof of Theorem 8.1. By 8.4, G has a normal
subgroup K of index 2°2>2. Since |A4| is odd, A< K. Therefore K=A(B N K)A.
Let H=K<by,>. Then HG and H=A(B N H)A. Since b, € H, H is of type III.
If H< G, then G is factorizable by 6.8. Since this is not the case, H=G. In particular,
since K< @G, b, ¢ K. By 8.3, b, is the only involution in B, and O(B,)=1. Hence
Ng~x(A)=1 and therefore Ny(4)=A. By 3.4, K is solvable. Hence G is solvable
and therefore G is factorizable, a contradiction. This contradiction completes the
proof.
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