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1. Introduction. If a group G contains subgroups A and B such that every

element ge G can be written in the form g=abd with a, a' e A and b e B, then we

say that G is an ABA-group and write G = ABA. In this paper we shall determine

the structure of finite groups G = ABA in which A and B have relatively prime

orders, A is abelian, and one of the following holds :

I. B is nilpotent and A is its own normalizer in G.

II. B is abelian of odd order.

III. B is abelian and there exists an involution in B which normalizes A and

whose fixed points on A are contained in the center of G.

Groups satisfying these conditions will be referred to as groups of types I, II,

and III, respectively. The most interesting groups of type III are those in which the

given involution inverts the elements of A. The simple groups PSL(2, 2n) are of this

form with A of order 2n+1 and B elementary abelian of order 2".

The main results of this paper are the following.

Theorem. Every group of type I is solvable.

Theorem. Every group of type II is solvable.

Theorem. If G=ABA is of type III, then G = AXBXAX xA2B2A2x ■ ■ ■ xAnBnAn

where

(1) At^AandBtçB, ISièn,

(2) AXBXAX is either trivial or solvable, and

(3) either Afi^ =l,2S¡Sn,or Aß^sFSF(2, 2m0, m^2,2SiSn.

It was known that ,4.ßy4-groups in which A and B are cyclic and either A is its

own normalizer in G, or A and B are of relatively prime orders, are solvable [7], [8].

It will be convenient to fix certain notation at the outset. If G— ABA, then N and

B0 will denote Na(A) and B n Na(A) respectively. If G = ABA is of type III, then b0

will denote an involution in B0 satisfying CA(b0)^Z(G). If H is a homomorphic

image of the group H,xeH, and AT is a subgroup of H, then x and Kv/ill denote the

images in H of x and K respectively.

Let A and T be groups and suppose there exists a homomorphism

</>: A-*- Aut (F). Then we shall say that A acts on F or that F is acted on by A.
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For t e Tand ae A, we shall denote </>(a)(t) by ta. If Zand yare subsets of A and F

respectively, then CY(X) = {y e Y | yx=y for all x g X}, Cx(Y) = {x e X \ yx=y for

all y e Y}, and Yx={yx \ y e Y,xe X}. Note in particular that Yx need not be a

group. Note also that although A need not be a group of automorphisms of F,

A/CA(T) may be regarded as such. We shall apply all the terminology of groups of

automorphisms to A.

In all other respects, the notation and terminology used in this paper will be the

same as that used in [4]. All groups considered here are assumed to be finite.

2. Assumed results. We shall several times be able to utilize two recent classi-

fication theorems. We list these below together with lemmas covering the in-

formation we shall need about the groups PSL(2, q).

Theorem 2.1 (Feit-Thompson [3]). All finite groups of odd order are solvable.

This theorem will be used throughout the paper without specific reference to it.

In obtaining our results on groups of types II and III, we shall need the following

additional results.

Theorem 2.2 (Gorenstein [5]). Let G be a finite group with abelian Sylow

2-subgroups in which the centralizers of involutions are solvable. Then either G is

solvable, or G/0(G) is isomorphic to a subgroup of PTL(2, q) containing PSL(2, q)

where either q = 3 or 5 (mod 8), aä 5, or q = 2n, zz^2.

Lemma 2.3. Let H=PSL(2, a) and HX=PTL(2, a) where q = 2n,n^2. Then:

(i) H is simple of order q(q2 — I).

(ii) A Sylow 2-subgroup 5 of H is elementary abelian of order q. 5 is disjoint from

its conjugates. NH(S) is of order q(q— 1) azza* contains a cyclic group of order a— 1

which acts transitively on the involutions of 5. CHl(S) = 5. If T is a nontrivial sub-

group of 5, then CH(T) = S.

(iii) H contains cyclic subgroups Rx and R2 of orders q— 1 and q+1 respectively.

CHl(R2) = R2. \NH(Ri)\=2\Ri\, i =1,2. If xeRf, then CH(x) = Ri, i =1,2. F, is

disjoint from its conjugates, i =1,2.

(iv) Hx = HF with H<\HX, F cyclic of order n, and H n F= 1. F normalizes sub-

groups of H of orders a, a — 1, a + 1. If F0<=kF, then a Sylow 2-subgroup of HF0 is

abelian if and only if \F0\ is odd.

(v) If G is a central extension of H, then either G = HxZ(G), or H=PSL(2, 4),

G=Z(G)L where ¿s5L(2, 5), \Z(G) n L| =2, azza" Sylow 2-subgroups of G are not

abelian.

(vi) If H is isomorphic to a normal subgroup M of a group K in which CK(M) = 1,

then K is isomorphic to a subgroup of Hx containing H.

Lemma 2.4. Fez F/=F5F(2,a), Hx=PGL(2,q), and H3=PTL(2,q) where

q=pm, p an odd prime. Then:
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(i) H3 contains a normal subgroup H2 = PQL(2, q) such that H2~2.HX and H2/Hx

is a 2-complement in H3/Hx.

(ii) \Hi\=2\H\ =q(q2 -1).H is simple ifq>3. Ifiq = 3 or 5 (mod 8), then H2 = H3

and a Sylow 2-subgroup of H is of ordzr 4. PSL(2, S)^PSL(2, 4) and PYL(2, 5)

=PGL(2, 5)sFrF(2,4).

(hi) If x is an involution in H, then CH(x) is dihedral of order q — d where

d=q (mod 4), d=± I.

(iv) H contains cyclic Hall subgroups of order (q - d)/2a where 2a is the exact

power of 2 dividing q — d. Two such subgroups of the same order are conjugate and

distinct conjugates have trivial intersections.

(v) If x is of odd order dividing q±d, then C%(x) = {h e H \ xh = x or xh = x'1}

is of order q±d. If x is of order dividing q—d, then C%(x) = CH(y) for some in-

volution y e H.

(vi) Sylow r-subgroups of H are abelian ifir is an odd prime.

(vii) Let T be an elementary abelian subgroup of Hx of order 4. Then CHfT)

= Fx F where F is a complement to Hx in H2.

For proofs of the statements in Lemmas 2.3 and 2.4, the reader is referred to

[1], [2], [10], [9, Lemmas 3.1 and 3.3], and [5, Lemmas 2.1 and 2.2].

3. Groups of type I. In this section we shall show that groups of type I are

solvable. We first establish some elementary facts about ABA-groups in general.

Lemma 3.1. Let G = ABA.

(i) If H is a subgroup of G and AzH, then H=A(B n H)A.

(ii) N=AB0.

Proof of (i). Let he H. Since G = ABA, h = aba', a, a' e A, be B. Then

b = a-^a'-^Bn H.

Since this is true for all h e H, H=A(B n H)A.

Proof of (ii). LeFxeA. It follows from (i) that x = aba'=a(a')b'1b. a,a'eA,

be B n N=B0. Since be N, a(a')b'1 e A. Therefore x e AB0. Since this is true for

all xe X, NçAB0. Clearly AB0çzN. Therefore N=AB0.

We next obtain information about the structure of 7rF4)-separable yi/L4-groups.

Theorem 3.2. Let G = ABA with A abelian, B nilpotent, and(\A\, \B\)= 1. If G is

Tr(A)-separable, then G = (AB0)T where T=(B n T)A<\G. In particular, \G\ divides

\A\ \B\n for a suitable integer n 2:1 and A is a Hall subgroup of G.

Proof. By induction on |G|. Let tt = tt(A). Let/z en, P be a Sylow/z-subgroup of

A, and N* = N0(P). Then A^N* and by 3.1(i), N* = A(BnN*)A. Suppose first

that A*<=G. By induction, A is a Hall subgroup of A* and therefore F is a Sylow

/z-subgroup of N*. Then F is a Sylow /z-subgroup of G. Suppose next that N* = G.

Let G=G/P. Then G=ÄBÄ. By induction, |G"| divides \Ä\ \B\m for a suitable
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integer m^ 1. Since (\A\, |F|) = 1 and F is a Sylow /»-subgroup of A, p does not

divide \G\. Therefore F is a Sylow /»-subgroup of G. Since this is true for all pen,

Ais a Hall subgroup of G.

Let T= On(G) and set G = G/T. Then G = ABA. Since G is ̂ -separable, Cs(On(G))

£On(G)[4,Theorem6.3.2].Now Jç AOJfi).ThereforeAOn(G) = I(B n IOn(G))A.

Since (| A |, | F|) = 1, Bnl0n(G) = l. Therefore AOJfi) s I. Therefore

Js C5(0R(G)) s On(G) g J. Therefore A~<\ G. Let g eG. Then ^9 £ AT. Now ^ and

/I9 are abelian Hall subgroups of AT. Therefore Ag = Ah with A e AT [4, Exercise

6.2]. Therefore gh~^N and geN(AT) = NT. Therefore G = NT and by 3.1(H),

G=L4F0)F

Let Z e F. Since G = ABA, t = aba' with a', a e A, be B. Since z g F, i=äbä'= 1.

Therefore b = ä-lä'-1 e An B= 1. Thus aa',beT. Since (|^|, |F|)=1, aa'=l.

Thus t = a'-1ba' e(Bn T)A. Since this is true for all t e T, T^(B n F)-4. On the

other hand, since T<\G, (B n T)AçT. Therefore F=(F n T)A.

If í g T, then |í | divides |F|. Therefore |F| divides |F|n_1 for a suitable integer

«^ 1. Since G = (AB0)T, \G\ divides \A\ \B\ \T\. Therefore |G| divides \A\ \B\n.

Theorem 3.3. Let Tbe a group acted on by a group A. Suppose T= DA where D is

a nilpotent subgroup of Tsuch that i\A\, |F|)=1. Then Tis nilpotent.

Proof. Assume false and let F= DA be a counterexample of minimal order. Let

A0 = CA(T). Then Ä=A/A0 acts on F, F= DÄ. and CÄ(T)= 1. By replacing A by I,

we may assume that CA(T)=l. Since T = DA and (\A\, \D\) = l,(\A\, \T\)=l.

We first show that T is solvable. Suppose that F has no nontrivial, ^-invariant

proper normal subgroups. Since F is not nilpotent, F is not a 2-group. Let p be an

odd prime dividing |F|. Since (\A\, |F|) = 1, one of A and Fis of odd order and is

therefore solvable. Hence A leaves a Sylow /»-subgroup 5 of F invariant [4, Theorem

6.2.2]. Let J(S) be the Thompson subgroup of 5 and M=NT(Z(J(S))). Since

J(S) char 5, F^5) is ¿-invariant. Hence M<= T, and M is ,4-invariant. Since M is

/1-invariant, M = (D n M)A. By the minimality of T, A/is nilpotent and therefore M

has a normal /»-complement. Since/» is odd, F has a normal/»-complement K by the

Glauberman-Thompson Theorem [4, Theorem 8.3.1]. Then F char Fand therefore

Fis ^-invariant. Hence F=l and T=P is nilpotent, a contradiction. Therefore F

possesses an ^-invariant proper normal subgroup H^ 1. Since H is ^-invariant,

H=(D n H)A. Furthermore, A acts on T=T/H and under this action T = D4. By

the minimality of T, H and F are nilpotent. Therefore F is solvable.

Suppose F has two nontrivial, ^-invariant normal subgroups Nx and A^ s^ch

that NxC\N2 = l. Then, by the minimality of F, Ti = T/Nl is nilpotent, i» 1,2.

Hence 7\ x F2 is nilpotent. The map <^(x) = (xAf1( xN2) defines an embedding of T

into Tx x T2. Therefore F is nilpotent, a contradiction.

Let F be a minimal .¿-invariant normal subgroup of T. Since Fis solvable, F is an

elementary abelian/»-group for some prime/». Also T=T/P is nilpotent. Since Fis

not nilpotent, F is not a /»-group. Let Q' # 1 be a Sylow ^-subgroup of f invariant
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under A, q+p. Let Q be a minimal ^-invariant subgroup of QX(Z(Q')). Then

Q<\T since T is nilpotent. Let U be the inverse image of ß in F. Then U=PQ

where ßs ß is an elementary abelianzj-group, Q+l, Uis.4-invariant, and U<\T.

Since (\A\, \U\)=l, A leaves some Sylow ^-subgroup of U invariant. By replacing

ß by a conjugate, we may assume that g is 4-invariant. By our choice of Q, A acts

irreducibly on Q.

Suppose £/<= T. Then U is nilpotent and therefore U=PxQ. Then g char U and

therefore Q<T. Thus we have P<T, Q <T, P n Q= I, and F and g are ^-invari-

ant. This we have seen to be impossible. Therefore T=U=PQ. Since F is not

nilpotent, it follows that [P, Q]^l.

Let C=CQ(P). Since F is ^-invariant, C is ^-invariant. Therefore C= Q or C= 1.

Since [P,Q]f=U C-l. In particular, Z(7)=(Z(r)nP)x(Z(r)nß)c/'. But

Z(F) is an ,4-invariant normal subgroup of F. By our choice of F, Z(T)= 1. Now

since Z) is nilpotent, D = Dpx Dq where £)P£F and DqÇ^Q, xeT. Since F and ß

are abelian, F> is abelian. Let / e CTF4). Then ta = t for all a e A and therefore z" e D.

Therefore tda = tada = (td)a = (dt)a = data = dat for all a e A and de D. Thus teZ(T)

= 1. Therefore CT(A) = 1.

Let R=AQ, the semidirect product of Q by A. Then ß<lÄ, ß is a Sylow q-

subgroup of R, and A is a Hall subgroup of R. Let ß* be a Sylow ^-subgroup of

C«(F). Since Q<R, Q*^Q. Therefore ß*sC0(F) = l. Since Cs(F)<lÄ,we mus

have CR(P)^A. Let aeCR(P), y e Q, and xeP. Then (v-1)axya = (v-1xy)a

=y~1xy. Thus vaj_1 e CQ(x). Since this is true for all xeP, yay~1 e CQ(F)=1.

Since this is true for all y e Q, a e CR(P) n CB(Q) = CB(T). Since CA(F) = 1, a= 1.

Therefore R acts faithfully on F. It follows from our choice of F that R acts irre-

ducibly on F.

Consider F as a vector space over Z/</z>. By Clifford's Theorem [4, Theorem

3.4.1], P= Vx © V2 ©• • • © Fn where each K¡ is ß-invariant and satisfies:

(i) Vt = Xix © Xi2 ©• ■ •© Jfji, láz'á«, where each ATM is ß-irreducible and

Xjj^ Xrs as a ß-module if and only if i = r; and

(ii) for g e AQ, the mapping F¡ -> Ff is a permutation of {Ff | 1 SiSn}.

Let Q{ = CQ(XiX), ISiSn. By (i), ß^CoiF,); Since CP(ß)=l, ß^ß. Thus

ß/ßi is a nontrivial abelian group represented faithfully and irreducibly on Xix.

Therefore Q/Q{ is cyclic [4, Theorem 3.2.2]. Since ß is elementary abelian,

\QIQi\=q- Thus ßj is a maximal subgroup of Q. Let re Kj —{0} and suppose

vy = v, yeQ#.\fy</i Q¡, then <y, Q¡> = Q and therefore ß centralizes p. But CP(Q)

is trivial. Therefore y e ßj.

Now F=Z)'4 and D = DpxDq where £>P£F and D^Sß, í e F. Since F=Fß

and ß is abelian, we may assume that / e P. Let D' = Dq. Then D' acts trivially on

Dp. Since F is not a /z-group or a ^-group, Dp^ 1 and Dq^l. Assume, without loss

of generality, that Dpçz vx © V2 ©• • ■ © Vk but Z)p is not contained in the sum

over any proper subset of {F¡ | 1 SiSk}. Then for 1 SjSk, there exists an element

dj = vx + v2-\-Yvke Dp with vt e Vu   ISiSk, such  that v^O.  For deD',
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df = d¡. Since vf e V¡, l^i^k, and the V¡s are independent, vf = v,. Therefore

de Qj. Since j and 6? were chosen arbitrarily, F'sP)?=i Qi- Hl particular, if k = n,

then D'£fl"-i Ô, = CQ(F)=1. Since D'^l,k<n.
Let w=^-1-^2 4- ■■• + wn g F be chosen so that h'jEKí-{0}, l^z'ázz. Since

T=DA, w=da for some de D, ae A. Since w is a /»-element, d is a /»-element.

Therefore a"g Dp. Then a"= Ma + u2 + ■ ■ ■ + uk with m¡ g K¡, 1 ̂ i^k. Now a permutes

the Fj's and uf e V?, l^i^k. Therefore

w = wx + w2+ ■ ■ ■ +wn = uax + ua2+ ■■■+uake VI 0 V$ ©• ■ •© Vg.

Since w'j/0, láz'^zz, and the Pi's are independent, this implies k = n, a contra-

diction. This contradiction completes the proof.

Theorem 3.4. IfG=ABA is of type I, then G is solvable.

Proof. By induction on |G|. Let /» e ir(A), let F be a Sylow /»-subgroup of A, and

let N* = Na(P). Since G is of type I, A is abelian and therefore A^N*. Therefore

N* = A(B n N*)A. Suppose first that N*^G. Then N* is solvable by the induction

hypothesis. By 3.2, A is a Hall subgroup of N*. Therefore F is a Sylow/»-subgroup

of N* and hence also of G. Suppose next that N* = G. Let G = G/P. Then G = ABA.

Since P^A and N=NC(A) = A, NÖ(Ä) = Ä. Thus G is of type I. It follows from the

induction hypothesis that G is solvable. By 3.2, |G| divides \A\ \B\n for a suitable

integer h£1. Hence /» does not divide |G| and therefore F is a Sylow /»-subgroup

of G. Since this is true for all p e tt(A), A is a Hall subgroup of G.

Since G is a finite group with abelian Hall subgroup A, the transfer t: G -»• A

maps A n Z(N) onto A n Z(/Y) [8]. In this case, A = A<~\ Z(N). Therefore t maps

G onto A and ¿ n ker(r)=l. Hence G is 7rL4)-separable. By 3.2, G =/IF where

F=(F n T)A<G. By 3.3, F is nilpotent. Since A is abelian, it follows that G is

solvable.

4. Groups of type II.

Theorem 4.1. Every ABA-group of type II is solvable.

Proof. Assume false and let G = ABA be a counterexample of minimal order.

Suppose G possesses a nontrivial solvable normal subgroup H. Then G = G/H

= ABA is solvable and therefore G is solvable, a contradiction. Therefore G does

not possess any nontrivial solvable normal subgroups. In particular, if F/ 1 is a

Sylow /»-subgroup of A and if N* = Na(P), then N* = A(B n N*)A<=-G. Therefore

N* is solvable. By 3.2, F is a Sylow /»-subgroup of N* and hence of G. Since this is

true for all /» g tt(A), A is a Hall subgroup of G.

Case 1. |/I | is even. Then a Sylow 2-subgroup of G is contained in A and is

therefore abelian. Furthermore, if a e A is an involution and C=Ca(a), then

C=A(B n C)y4<=G and therefore C is solvable. By 2.2, G is isomorphic to a sub-

group of H*=PTL(2,q) containing H=PSL(2,q) where either q = 2n, n^2,

or 9=3 or 5 (mod 8), aS5. Identifying G with its image in //*, we have AH=
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A(B n H)AçzG. If AH^G, then AH is solvable. Since this is not the case,

AH=G. Since \G/H\ divides \A\, BçH.

Suppose first that q = 2n, n^2. By 2.3(iv), G = HF0 where F0 is of odd order and

H n F0 = 1. Thus a Sylow 2-subgroup ^2 of A is a Sylow 2-subgroup of H. By

2.3(h) A<=Ca(A2) = A2. Therefore A = A2çzH and G = /Y. By 2.3(h), N=NG(A)

is of order a(^— 1) and contains a cyclic subgroup of order q—l. Now N=AB0.

Therefore i?0 must be cyclic of order q—l. By 2.3(iii), B^Ca(B0) = B0. Therefore

.4<1G, a contradiction.

Suppose next that q=3 or 5 (mod 8), q^5. Since PSL(2, 5) ̂  F5F(2, 4) and

FrF(2, 5) sFrF(2, 4), we may assume that q > 5. Let F be a Sylow 2-subgroup of H.

Replacing F by a conjugate, we may assume that T^A. By 2.4(vii) and 2.4(h),

CH.(T) = TxF where |F| is odd. Therefore F is a Sylow 2-subgroup of G and

Ar\H=T. Let yeT and let CG(y) = AB*A. By 2.4(iii), \CH(y)\=q-d where

d=q (mod 4), d= ± 1. Since q>5, q — dj=4. Therefore q — d has odd divisors and

hence B* ̂  1. Furthermore, since B*ç=H, \B*\ divides q — d. By 2.4(iv), H contains

a cyclic Hall subgroup R of order (q — d)/4 such that R is disjoint from its conju-

gates. Since B* and R are abelian, we may assume that B*^R. Let b e B*. Then

<[B, R} £ C%(b) which by 2.4(v) is of order q — d and is the centralizer of an involu-

tion x. By replacing F by a conjugate, we may assume that Sefi. Since every

involution of H is conjugate to one in T^A, Bh^Rh^CH(a) for suitable he H,

a e T. As above, BX = B n CH(a)/ 1. Therefore Bx^Rn Rhc for a suitable element

c e CH(a). Therefore R = Rhc and Bç /? ç CH(a). Therefore <a> < G, a contradiction.

Case 2. \A\ is odd. Let H be a minimal subnormal subgroup of G such that

G=.4 /Y. If x e G is of order prime to \A\, then xe H. Therefore B s H and if x is an

involution, then x e //. By repeated application of Theorem 1.3.8 of [4], we see that

A n H is a Hall subgroup of /7.

Since G is not solvable, |G| is even. Let y = a*ba' be an involution, a*, a' e A,

b e B. By conjugating y by a'-1, we obtain an involution of the form ab, ae A,

be B. Since \A\ and |2?| are odd, a# 1 and bj=\. Now ab e H and be H. Therefore

ae A n H. Let M=N„(A n H) and let x = axbxa2 e M, ax, a2 e A, bxe B. Then

bxe H n A0F4 n H) = M. Since a¿z is an involution,

(1) az> = b~xa-\

Conjugation of equation (1) by bx yields

(2) a^b = b-1ia-1)\

Multiplying the inverse of equation (1) by (2) we get

(3) b~xa- Wib = abb-\a- ^ = a(a ' ^i.

Therefore b-2a-1a^b2 = b'1a(a-1)^b = (b-1a-1a"ib)-1 = a-1a''i. Since \b\ is odd,

b~1a~1abib=a~1abi. Combining this with equation (3) we see that a(a~1)bi =

a~labi. Since \A\ is odd, a=abi. Therefore ax = a. Since this is true for all xe M,
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a g Z(M). But the transfer r of H into A n H maps A n Z(M) onto itself [8]. Let

F=ker (t). Then F is subnormal in G, G = AK, and \K\ < \H\. This is a contra-

diction to our choice of H and this contradiction completes the proof.

5. Solvable groups of type HI. In this section we shall derive properties of

solvable groups of type III which will be needed in proving our main classification

theorem for all groups of type III. We first wish to make explicit several easily

proved properties of groups of type III. Recall that if G = ABA is of type III, then

A0 denotes an involution in F0 which satisfies CA(b0)^Z(G).

Lemma 5.1. Let G = ABA be of type III. Let V e F0 be an involution, and let

IA(b')={aeA | b'-1ab' = a-1}. Then:

(i) \A\ is odd;

(ii) A = CA(b')xIA(b');and

(hi) if A n Z(G) = 1, then bô 1ab0 = a-1for all ae A.

Proof. Since b0 e B, \B\ is even. Since (|¿|,|F|)=l,|¿|is odd. Thus (i) holds.

Since  \A\ is odd, A = CA(b')IA(b') and CA(b') n IA(b') = 1  [4, Lemma 10.4.1].

Since A is abelian, IA(b') is a group and A = CA(b') x IA(b'). Thus (ii) holds.

Statement (iii) follows immediately from (ii) and the fact that CA(b0)çA n Z(G).

Lemma 5.2. Let G=ABA be solvable of type III. FAezz:

(i) G = (AB0)T where T=(B n T)A is a nilpotent normal subgroup of G, and

(\A\,\T\)=l.
(ii) CrL4)£F0 n ATçNnTçB n Z(G).

(iii) B=B0(BnT).

(iv) Ifb~1ab = a', a, a' e A, be B r\T, then a = a'.

(v) Ifb'1a2b = a'2, a, a' e A, b e B, then b~1ab = ä.

(vi) Ifb' e B0 is an involution and A* = CA(b'), then

CT(b') = (F n T)A',       CAT(b') = A*(B n T)A\

and

CG(b') = (A*(B n T)A')B0 = A*BA*.

(vii) If A acts regularly on T, then CG(a)^N for all a e A#.

Proof of (i). Since G is solvable, G is 7rL4)-separable. By 3.1, G = (AB0)T with

T=(BnT)A<G. By 3.2, F is nilpotent. Since T=(Br\T)A and (\A\, \B\)=l,

(\A\,\T\) = l.
Proof of (ii). Since T=(BnT)A, CT(A)^B. Therefore CT(A)çB0nAT. Since

T<ATand(\A\, |F|)=1,F0 n ATçT. Therefore F0 n ATçNnT. Now

[A,NnT]çAnT= 1.

Therefore N nT^ CT(A). Therefore N n Fs CB(A) and hence, since F is abelian,

ATiFsFnZÍG).
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Proof of (iii). Let G = G/T. Then G = AB0. Since (\A\, \B\) = l, B=B0. Therefore

B^B0T and hence B=B0(B n F).

Proof of (iv). Let b~1ab = a', a,a'eA, beBnT. Then a~1a'=a-1b~1abe A

n[A,T]^AnT=l. Therefore a=a'.

Proof of (v). Suppose b'1a2b = a'2, a, a e A, b e B. By (iii), b = bxb2 with bx e B0

and b2eB(~\T. Therefore b21(bx'1a2bx)b2 = a'2. Now bx1a2bxeA as bxeB0.

Therefore, by (iv), bx1a2bx = a'2 e Ca(b2). Since |a'| is odd, a' e Ca(b2). Since \A\ is

odd, each element in A has a unique square root in A. Therefore a'=bx1abx.

Therefore b~1ab = b2 1(bx 1abx)b2=b2 1a'b2=a'.

Proof of (vi). Let b'e B0 be an involution. By 5.1(h), A=A*xA' where A*

= CA(b') and A'=IA(b'). Let abaxeCG(b'), a,axeA, beB. Let a=a*a' and

ax = a*a'x with a*, a* e A* and a', a'x e A'. Then

a*a'ba*a'x = abax = (abax)b' = (a*a'bafa'xf = a*a'~1ba*dx~1.

Therefore b-1d2b=dx2. By (v), b-1db = dx1. Hence

a¿zai = a*a'ba*a'x = a*b(b~1a'b)a'xax* = a*ba*.

It follows immediately from the above that each element of CT(b') must be of the

form a* ' 1ba* with a* e A*, and beBnT, and each element of CAT(b') must be of

the form a?a* ' 1ba* with af, a* e A* and b e B n T. On the other hand,

{a* - 'ba* | a* e A* and è e B n F} £ cr(i>'),

and

{afa*"1^* | af, a* e A* and ¿z e B n F} £ C^r(¿z').

Therefore CT(b') = (B n T)A* and C#)=^(finr)^. Now CG(b') = CAT(b')B0.

Therefore Ca(b') = (A*(B n F)^- Since B is abelian, .SoSA^*)- Therefore

Ca(b') = (A*(B n T)A')B0 £ {a*6a* | a*, a* eA*,beB}çz cG(b').

Therefore CG(b') = A*BA*.

Proof of (vii). Suppose A acts regularly on F. Let ae A# and let ¿z e CB(a). Let

¿z = ^¿z2, bx e B0, b2e B n F. Then ¿z¿" 1(¿>i" 1abx)b2 = a. By (iv), è _ 1abi = a and

b2eCB(a). Since ^ acts regularly on F, ¿>a=l. Therefore Cs(a)£50- Therefore

CG(a) = A CBia)A ̂ AB0A = N.

We next derive some properties of groups of type III in which CG(a) £ N for all

a e A#. These will be used later in this section and again in §7.

Proposition 5.3. Let G=ABA be oftypelll. Suppose A<=G and Ca(a)çNfor all

a e A#. Then :

(i) b0~1ab0=a~1 for all ae A.

(ii) A n Ax^ 1 implies xe N.

(iii) Ifbxab = ax, a, ax e A, a±\, b, bx eB, then bx = b~1 e N.

(iv) If abax = a'b'a'i, a, au a', a'i e A, b, b' e B, then either a=a', b = b', and

ai—a'i, or b = b' eN.

(v) |G| = |^||Ä|(M|-(|^|-l)/|/i/S0|).
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(vi) If b'lab = axbxa2, a,ax,a2e A, a+l, beB-B0, bxeB, then bx is an

involution in B-B0 andax = a2^l.

(vii) Ifb~1ab = axbxax and b'1a'b = a2bxa2, a, a', ax, a2 e A#, b, bx e B—B0, then

either a = a' or a~1=a'.

(viii) If G is solvable, then \A\ = \B/B0\ +1 and b0(B n Z(G)) is the only involution

ofB0/(BnZ(G)).

Proof of (i). Since W<= G and CG(a) £ N for all a e A», A n Z(G) = 1. By 5.1 (iii),

bö1ab0 = a~l for all ae A.

Proof of (ii). Suppose A n Ax + 1. Then {A, Ax) £ CG(A n ¿*)g az. Since ¿ is a

normal Hall subgroup of N, A = AX. Therefore xe N.

Proof of (iii). Suppose bxab = ax, a, ax e A, a+l, b, bx e B. Then conjugation by

b0 yields bxa~1b = ax1. Therefore

(1) b'1abx1 = ax, and

(2) bx = ax1b-1a.

Multiply equation (1) by bxab = ax to get b~1a2b = ax. By (ii), b e N. Therefore,

using equation (2), we see that bxb = ax1b~1ab = ax1a" e A n 5=1. Therefore

bx=b~1eN.

Proof of (iv). Suppose abax = a'b'a'x, a, ax, a', a'x e A, b, b' e B. Then b'~1a'~1ab

= a'xaxx. If a'-1a=l, then since Ar\B=l, b'~lb= 1 =a'xax1. If d'^ai I, then

b'**beN by (m).
Proof of (v). \G\ = \N\ + \{abä \ a, a' e A, b e B-B0}\. It follows from (iv) that

|{aAa' | a, a' e A, b e B-B0}\ = \A\2\B-B0\. Therefore

|G| = M| |F0| + M|2(|F|-|F0|) = \A\ \B\(\A\-(\A\-l)/\B/B0\).

Proof of (vi). Suppose b~1ab = axbxa2, a,ax,a2e A, a=£l, beB — B0, bxe B.

Ifbx e N, then b~xab e A'and, since A is a normal Hall subgroup of N, b~xab e A.

Then beNby (ii). Since this is not the case, bx e B—B0. Now

ajiij-iflj-i = ¿,-ia-i/3 = <b-labf» = (axbxa2)»o = a^b^1.

By (iv), ax = a2 and bx1 = bx. Since (\A\, |F|)=1 and b'1ab = axbxax, a^l.

Proof of (vii). Suppose b~1ab = axbxax and b~1a'b = a2bxa2, a,ax,a',a2eA#,

b, bx e B—B0. By (vi), bx is an involution. Hence

b'1aa'b = axbxaxa2bxa2 = axbx1axa2bxa2.

Suppose act + 1. Then axa2^l. Now bx1axa2bx = a3b2ai, a3, a4 g A, b2 e B. By (vi),

a3 = a4. Hence b~1aa'b = axa3b2a3a2. By (vi), 0^3 = 0302 and therefore ai=a2.

Therefore b~1ab = axbxax = a2bxa2 = b~1a'b and hence a = a'. Thus either a=a', or

aa' = 1 and a' = a_1.

Proof of (viii). Assume false and let G = ABA be a counterexample of minimal

order. Suppose FoZ(G)^l. Let G = G/(B r\Z(G)). Then G = JFJ and bô 1äb0
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= ä~x for all äeÄ. Suppose b~1äb = ä', a, a' e A, b e B. Then b~1ab = a'b', V e B

r\Z(G), and hence \b-1ab\ = \a'\ \b'\. Since (\A\, \B\)=1, b' = l. Therefore

NE(I) £ B0   and    CB(a) £ CM

for all a e A. Hence NS(A) = AB0^G and Cg(ä)£ A5(^) for all a" e A. Furthermore,

B n Z(G) £ CE(I) £ C¡(J) £ B n Z(G) = 1.

It follows from the minimality of G that |^| = |J| = |5/50| + 1 = \B/B0\ + l and

b0 = b0(B nZ(G)) is the only involution in B0 = B0/(B n Z(G)). This contradicts

our assumption that G is a counterexample. Therefore B n Z(G) = 1.

By 5.2(i), G = AB0T with T=(BnT)A. By 5.2(iii), B=(BnT)B0. By 5.2(H),

B0r\AT^Bn Z(G) = 1. Let Zz e 5 n F# and a e 4#. Then Zz" *a¿z = aAa2, aj,a2 e 4,

èj e F. By (vi), ax = a2 and ^ is an involution in B—B0. Let bx = b2b3, b2e B n F,

Zz3 e 50. Then b~1ab = axb2b3ax = b3(b31axb3)b2ax and therefore

¿a = b-1abax1b21(b31ax-1b3) eB0nAT= I.

Thus b~1ab = axbxax with bxe B n T#. It follows from (vii) that the map a^-bx

from 4# into B C\ T# determined by è ~ 1a¿z = axbxax is at most two-to-one. Therefore

|¿|-1 S 2(|Ä/J|,|-1).

On the other hand, it follows from (v) that \A\-l=n\B/B0\ for a suitable

integer zzä 1. Therefore n\B/B0\ S2\B/BQ\ -2 and hence 2^ |ß/ß0|(2-zz). Therefore

zz=l and hence \A\ — 1 = \B/B0\.

Since G is a counterexample, there exists an involution b' e B0—{b0}. Let A*

= CA(b') and G* = CG(b'). By 5.2(vi), G* = ,4*£/l*. By 5.1(h), A = A*xIA(b'). If

>4* = 1, then b'b0 e CB(A)^B n Z(G) = 1 and therefore b' = b0. Since this is not the

case, ^* # 1. Since B n Z(G) = 1, G*e G.

Let b e NB(A*) and a e /<*#. Set b = bxb2, bx e B0, b2eBn T. Then

By (ii), b2 e N. Thus b2 e B0 n F= 1. Therefore ABF4*)£50. Since 5 is abelian,

50£ AsU*). Therefore AB(^*) = fi0. In particular, NG.(A*)^G*. Now if b* e CB(a),

aeA*#, then since CG(a)<=N=AB0, b* e B0. Thus Cc.(a) = ^*CB(a)/4*£/YG.(^*)

for all aeA*#. Furthermore, CA.(b0) £ CA(b0) = 1. By the minimality of G, |^4*|

= |5/50| + 1. Therefore |/4*| = |/4| and hence A=A*. Thus G = <4, S>£G*, a

contradiction. This completes the proof of (viii).

In the remainder of this section we shall treat solvable groups of type III in

which B n Z(G) = A n Z(G) = 1 and N<^G. We next derive properties of the group

F which arise in the decomposition of such a group described in Lemma 5.2.

Proposition 5.4. Let T be a nontrivial group acted on by a group H. Suppose:

(1) H=A<[b0)> with A abelian of odd order prime to \T\ and b0 an involution

satisfying bö 1ab0 = a~x for all a e A;
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(2) F possesses a nilpotent subgroup D £ CT(b0) such that T= DA ; and

(3) Cr(¿)=l.

Then the following conditions hold.

(i) CT(b0) = D and Da n F s CD(a) for all a e A.

(ii) F is a 2-group.

(iii) If T is abelian, CA(T) = 1, azzd F is A-indecomposable, then A acts regularly

on T.

(iv) If A acts regularly on T, then |F#| = | F#| \A\,T is elementary abelian, and A

acts irreducibly on T.

(v) If D is abelian, then T is an elementary abelian 2-group.

Proof of (i). Suppose da e CT(b0), d e D, a e A. Then da = (da)»o = (dbo)a-'=da~\

Therefore da2=d. Since |a| is odd, d" = d. Therefore, since T=DA, CT(A0)£F.

Since D^CT(b0), CT(b0) = D. Furthermore, since Da n DçDzCT(b0), Da n D

^CD(a) for all aeA.

Proof of (ii). By 3.3, Fis nilpotent. Let R = 0(T). Then F char F and therefore F

is //-invariant. Since |F| is odd, R = CR(b0)I where I={re R | rb° = r~1}. Let

r=dael, deD, aeA. Then (d-1y = (da)-1 = r-1 = r*>o = (dayo = (db°y-1 = da-\

Therefore (d~1)a2 = d. By (i), d=d~\ Therefore r2=l. Since |F| is odd, r=L

Therefore F = CR(b0)£CT(b0) = D. Since F is ¿-invariant and F° n D^CD(a)

for all a e A, R £ CD(A) s CT(A) = 1. Therefore F is a 2-group.

Proof of (iii). Suppose Fis abelian, C^(F) = 1, and Fis ¿-indecomposable. Let

aeA and assume CT(a)=/=l. Since (|<a>|, |F|)= 1, T=CT((a})x[T, <a>] [4,

Theorem 5.2.3]. Since A is abelian, Cr((a}) and [F, <a>] are ¿-invariant. Since Fis

A -indecomposable and Cr«a»^l, T=CT((a}). Thus ae CA(T) = l. Therefore A

acts regularly on T.

Proof of (iv). Assume that A acts regularly on F. If Da' n F>aVL a', a* e A,

then Da n F#l where a = a'a*~1. By (i), CD(a)/l. Since A acts regularly on F,

a= 1 and hence a' = a*. Therefore |F#| = \(D#)A\ = \D#\ \A\.

Let F*# 1 be an ¿-invariant subgroup of F. Then T* = (T* n F)"4 and therefore

F* is //-invariant. Furthermore, A acts regularly on F*. As above, |F*#|

= |F*n D#\ |¿|.Thus

.   .      |F|-1 |F*|-1

11 ~ |Z>| — 1 " |F*n D\-\'

and hence

|F| |F*n F|-|F*n D\-\T\ = \T*\ \D\ - \D\ - \T*\.

Let |F* n F|=2m, |F|=2"1+r, |F*|=2m+s, and |r|=2m+s+i. Then

Therefore 2m+s + ' - 1 - 2s+' = 2m + s+r - 2r - 2s. This is only possible if 2s = 1 or 2r = 1.

If 2s = 1, then |F*| = |F* n F| and therefore F*£F. Then F*£Fa n D for all
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aeA and, by (i), F*£CrL4)=l. Since this is not the case, 2r=l. Hence D^T*

and therefore T=T*. Since T* was an arbitrary ^4-invariant subgroup of T,

T= Q.X(Z(T)) is elementary abelian and A acts irreducibly on T.

Proof of (v). Assume false and let T= DA with D abelian be a counterexample

of minimal order. Let A* = CA(T). Then A*<¡H. By replacing H by H/A*, we may

assume CA(T) = 1. By (ii), F is a 2-group.

Let S be an ,4-invariant subgroup of F. Then S=(S n D)A and therefore S is

/Finvariant. Furthermore, S n Z)£CS(60) and CS(A) £ CT(A) = 1. Suppose further

that S<¡ T. Let T= T/S. Then H acts on f, f= DA, and D^Cf(b0). It follows from

the minimality of F that any ^-invariant proper subgroup of F is elementary

abelian. Furthermore, if S is a nontrivial, ^-invariant, normal subgroup of F,

and if CTIS(A)= 1, then T/S is elementary abelian.

Suppose F possesses two disjoint, nontrivial, ^4-invariant, normal subgroups

Mx and M2. Let Cr/M¡(/l) = Ai/jV/i, ¿=1,2. Then RJM^T/M,, Rt<T, and R¡ is

^-invariant, z'= 1, 2. Let iefi1nÄ2 and a e A. Then xa=xzzz1 = xm2, «i! e Mx,

m2eM2. Since Afx n Af2 = 1, xa = x. Hence RxnR2^CT(A) = 1. Let CTlB{A) = SJRi,

i—l, 2. Then A centralizes Si/Mt [4, Theorem 5.3.2] and therefore SiZRi, z'=l, 2.

Therefore CTIRi(A)=l, i =1,2. Hence F/F^ T/R2, and therefore L = T/RxxT/R2,

are elementary abelian. But <^(x) = (x/?1, xF2) defines an embedding of F into L.

Hence F is elementary abelian, a contradiction. Therefore F does not possess two

such .¿-invariant subgroups. In particular A acts indecomposably on F and on

Z(T). It follows immediately from (iii) and (iv) that F is not abelian.

Let Z=Z(T) and A0 = CA(Z). Since Z is ^-indecomposable and abelian, A/A0

acts regularly on Z by (iii) (applied with H replaced by H/A0). By (iv), Z is ele-

mentary abelian and

(1) |Z#| = \(ZnD#)A\ = \ZnD*\\A/A0\.

Let f=F/Z and let CT(A) = S/Z. Then S is ^-invariant. Let se S. Then s = da,

de S n D,ae A. Sincere S,da = dz,z eZ. Therefore s=dz. If s' e 5, then s' = d'z',

d' e S n D,z'eZ, and ss' = dzd'z'=d'z'dz=s's since z,z' eZ and F> is abelian.

Thus 5" is abelian and hence ScT1. Therefore 5 is elementary abelian. Since

(|/4|, |5|)= I, S=ZxS' with 5' an ^-invariant subgroup of S. Now for a e A and

s e 5", sa = sz, z e Z. Since S' is ^-invariant and 5" n Z = 1, sa = s. Thus 5' £ CrF4)

= 1 and therefore Cj(A)=l. Therefore Fis elementary abelian. Hence 1#[F, F]

^</>(T)çzZ. Now Z is elementary abelian and A -indecomposable and (\A\, \Z\)= 1.

Therefore Z is /1-irreducible. Hence [F, T] = (f>(T)=Z and therefore Z is a special

2-group.

Since (|/4|, |F|) = 1, we can express F as T=TX xT2x ■ ■ ■ xTn where each F¡ is

^-irreducible, 1 ̂ z'^/z. Let F¡ be the full inverse image of F¡ in F, 1 SiSn. Then F¡

is ^-invariant, 1 SiSn. If «^3, then TXT¡aT and therefore TTS is abelian, 1 Si,

Sn. Then T=TXT2- ■ Tn is abelian. Since this is not the case, nS2.
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Suppose n=l. That is, A acts irreducibly on F. If a e CA(T), then since F=

T/</>(T),aeCA(T) [4, Theorem 5.1.4]. Therefore CA(T) £ CA(T) = 1. By (iii), A acts

regularly on F. Therefore, by (iv),

(2) |f#| = \D#\ \A\.

Let E=D-(ZC\ D). Then T# = (D#)A=Z# u F-4 and the union is disjoint. There-

fore

(3) 17*| = |Z#| + |F^|.

Suppose F'nFVl, a',a*eA. Then Fnf/l, a = a'a*-\ By (i), CÊ(a)^l

and therefore Cj(a)^l. Since A acts regularly on F, a = l and hence a' = a*.

Therefore

(4) |£*| = \E\ \A\.

By combining equations (3) and (4), we see that

|F| = |Z| + |F||¿| = |Z|+(|F|-|ZnF|)|¿| = |z| + |ZnF|(|J^L-l)|¿|

= |Z| + |ZnF| \D#\ |¿|.

By combining this with equation (2), we see that

(5) |F| -|Z| = |ZnF|(|f|-l).

Since F is a 2-group, | F| — 1 is odd. Since |Z | is a power of 2 and divides the left-

hand side of equation (5), |Z| divides |ZnF»|. Therefore Z=ZC\D. Hence

Z£ Da n D for all a e A. By (i), Z£CT(A)= I, a contradiction. Therefore zz = 2.

Thus T=TX x F2 where Tx and T2 are nontrivial and ¿-irreducible. Now TX^T

and T2^T. Hence Tx and F2 are elementary abelian. Since (|¿|, |F¡|)= 1, Tt=Zx Ui

with U, ¿-irreducible, z'=l, 2. Furthermore,

Ui n T, £ U n F n F, g Ut nZ=l,      1 ^ /,;' ^ 2, z ̂ ./.

Let ¿¡ = 0^(70, z'=l,2. Then At = CA(Ut)<=A and ¿/¿, acts faithfully, irre-

ducibly, and therefore, by (iii), regularly on £/., /'= 1, 2. Let Di=Ui n F, z'= 1, 2.

By (iv),

(6) liz-fl = \(Df)A\ = \Df\\A/Al       i =1,2.

Since T=T/<f>(T), CA(T)çCA(T)=l. Therefore AxnA2 = l. Suppose that ae

A0 (~\ Ax. Let «i e Ux and m2 g U2. Then «2 '«£" 1m2m1 = z g Z. Therefore m¿~ hç ^«í

=z = za = (M2"1)aMr1M2«i and hence m2(m¿" 1)a e CU2(ux). Since this is true for all

ux g Ux, u2(u21)a g CÜ2(UX) = CÜ2(TX). Now C=CT(TX) is ¿-invariant and contains

Tx. Therefore, either C=TX or C=T. If C=f, then TxçZ and therefore ï\-l.

Therefore C=TX and hence C=TX. Therefore u2(u2 ̂  g f/2 n Fx = 1. Since this is

true for all u2 e U2, a e Ax n ¿2= 1. Therefore ¿0 n ¿1 = 1. Similarly ¿0 n ¿2= 1.
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Suppose zuxu2 = z'u'xu2, z, z' e Z, uh u'{ e U„ i= 1, 2. Then u'x 1z' " 1zux = u'2u21 e Tx

n U2 = l. Therefore u'2 = u2. Similarly u'x = ux and therefore z=z'. Since T=TXT2

=ZUXU2, we conclude that every element of F has a unique representation in the

form zuxu2, zeZ, w¡ e Ut, i =1,2. Now let de D and suppose d=zuxu2, zeZ,

uxeUx, u2eU2. Then zb°ux°ub2° = db° = d=zuxu2. Since Z, Ux, and U2 are A-

invariant, they are also è0-invariant. Therefore zbo=z, ub° = ux, and u2° = u2. Thus

z, «j, w2 e CT(b0) = D. Therefore D = (Z n D)DXD2.

Let

A-¡ = {(a"í/,)a I í/eZ n F>#, ¿¡ e A#, a e ¿},       i = 1, 2;

A-3 = {(dxd2)a | i/j. e Df, d2 eDt,aeA};

and

X4 = {(ddxd2)a \deZr\D#,dxe Df, d2 eD%,ae A}.

Then

(7) |7?| = |(r, n Z>#)"| = \Z#\ + \Vf\ + \X,\,       ¿-1,2,

and

(8) |F#| = \(D#y\ = |z#| + |£/?| + |t/#| +1^| + 1^1 + 1^1 + 1^1.

Suppose (ddxd2Y = (d'd'xd'2)a*, a',a*eA, d,d'eZr\ D, d^dieDt, z = l,2.Then

dad\da2 = d'd'xd2, a = da*~1. Hence da = d',dax=d'x,andd% = d2. By (i), da = d, d<t = dx,

and d2 = d2. Now A/A0 acts regularly on Z, ^/^¡ acts regularly on U,, i=l, 2, and

A0 n Ax = A0 n A2 = AX n A2 = l. Therefore either a=l and a' = a*, or two of

d, dx, and d2 are trivial. Therefore

(9) |JT,| = |ZnF>#||A#IMI,       /-1.2;

(10) \X3\ = \D?\\D$\\A\;

and

(11) \Xt\ = \ZnD#\ \D#\ \Df\ \A\.

By combining equations (7) and (9), we see that

|Z| lt/il-1 = |7f| = |Z#| + |<yf| + |ZnZ)#| \Df\ \A\,       i= 1,2.

By combining this with equations (1) and (6), we see that

|Z| 1(7,1 = |Z| + |C/f| + |Z#| \Uf\(\A0\ \A,\I\A\),       i= 1,2.

Therefore |Z#| \Uf\ = \Z\ \Ut\- |Z| -\Uf\ = \Z#\ \U?\(\A0\ \At\l\A\) and hence

(12) Mo| M/W = 1,       ¿=1,2.

By combining equations (8) through (11), we see that

|F#| = |Z#| + |Ff| + |F2#| + |Zn/J#|(|Z)f| + |F»f|)M| + |Znö||i)f| \D%\ \A\.
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Together with equations (1), (6), and (12), this implies

|F| = \Z\ + \UÎ\ + \U§\ + \Z#\(\U?\ + \Ul\) + \Z n D\\Df\ \Df[\ \A\

= |Z| + |Z|(|Ff| + |L/2#|) + |ZnF| \Df\ \D$\ \A\.

Therefore, since |Z| divides |F|, |Z| must also divide |Z n D\ \Df\ \D$\ \A\. Since

F is a 2-group and F4 = DA ̂  1, i = 1, 2, \ Df | and | F»f | are odd whereas |Z|isapower

of 2. Hence, since |¿| is odd, |Z| divides |Zn F»|. Therefore Z£F. Since Z is

¿-invariant, Z£Fa n D for all a e A. By (i), Z£Cr(¿) = 1, a contradiction. This

contradiction completes the proof of (v).

Let G=ABA be a solvable group of type III in which A n Z(G) = B n Z(G)= 1

and N<=G. By 5.2(i), G=(AB0)Twhere T=(B n T)A is a nilpotent normal subgroup

of G, and (\A\, \T\)= 1. Since N<=-G, F^ 1. By 5.1(i) and (iii), |¿| is odd and A0_1aAo

=<r1 for all aeA. Since FnZ(G)=l, it follows from 5.2(iii) that CT(A) = B0

n AT=N n F=l. Thus H=A(b0} and F satisfy the conditions and hence the

conclusions of Proposition 5.4. In particular, since F n F is abelian, F is an

elementary abelian 2-group. Since (|¿|, |F|)= 1, Fand any ¿-invariant subgroups

of T are completely ¿-reducible. Note that if T* is an ¿-invariant subgroup of T,

then T* = (B n T*)A and therefore F* is F0-invariant. In the remainder of this

section we shall obtain further information about G.

Proposition 5.5. Let T* be an irreducible A-invariant subgroup of T and A*

= CA(T*). Let B2 be a Sylow 2-subgroup of B0 and B* = Q.X(B2). Then

(i) B* acts on A/A*,

(ii) \B* : CB.(A/A*)\=2, and

(iii) |F*| = |FnF*|2.

Proof. Since F* is ¿-invariant, it is also F0-invariant. Hence A* = CA(T*) is

Fo-invariant. Since F*£F0, B* acts on A and on A*. Hence B* acts on A/A*.

Thus (i) holds.

Let K=(AT*)B* and let B' = (Bn T*)B*. Then K=AB'A, A*<K, and zj0 e B'.

Since F0 n ¿F*£F n Z(G)= 1, AV(¿) = F* and F' = (F n F*) xF*.

Let K=K/A*. Then F=¿F'¿ = ¿T*F*, bö1äb0 = ä-1 for all â g ¿,

F' = (F n F*) x F*,    ATS,(¿) = AV(¿) = F*,    and    T* = (BfTf*)Ä.

In particular, F is of type III. Since (|¿|, \BT\) = l, A* n F*£¿* n F'F* = 1.

Hence

fTTf* =B'n T*,   T* =t 1,

A acts irreducibly on F*,

Ca(T*) = CAT*) = Ä* = 1,   and   CT.(¿) = C^(¿) = 1.

In particular, T* = (B' n f *)^ and ^(¿jc^.

By 5.4(iii), ¿ acts regularly on T*. By 5.4(iv),

(1) |F*|-1 =(|JrTfî|-l)|J|.
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By 5.2(vii), CK(a)^NR(A) for all ä e ¿#. Since

NB.(I) = B*   and   B' = (BnT*)xB*,

it follows from 5.3(viii) that

(2) |¿| = |FnF*| + l,

and

(3) b0 is the only involution in B*/(B' n Z(K)).

Since F* is an elementary abelian 2-group, (3) implies that |F* : B' n Z(F)| =2.

Since B' n Z(F)£A/S.(¿) = F* and B' is abelian,

B' n Z(F) = CB,(A) = CB,(A/A*).

Therefore

\B* : CB.(A/A*)\ = \B* : CB.(¿/¿*)| = \B* : B' n Z(F)| = 2.

Hence (ii) holds.

By combining equations (1) and (2), we see that

|f*| = (|FnF*|-l)(|FnF*| + l) + l = |FnF*|2.

Since ¿ n F=l,

F*| = |F*|    and    |/TñT*| = |F n F*|.

Therefore \T*\ = \B n F*|2. Thus (iii) holds.

Corollary 5-.6. |F| = |FnF|2.

Proof. Let T=TxxT2x ■ ■ ■ xTn where each / is ¿-irreducible, láz'^zz. Let

be BnT. Then b = txt2- ■ ■/„, /¡ g F¡, l^z'g/z. Hence txt2- ■ ■tn = b = b"o = t¡otbo- ■ -fy.

Since the F¡'s are A0-invariant and independent, tí° = ti, lúiUn. Hence, by 5.4(i),

z¡ g F n Ti, 1 ¿i^n. Therefore B n T=(B n Tx)x(B n T2)x ■ ■ ■ x(B n F„). By

5.5(iii), |F| = |F n F|2, 1 á/ázz. Therefore

|F| = |Fj| |F2|---|F„| = |FnF1|2|FnF2|2---|FnFn|2= |FnF|2.

Proposition 5.7. Let b e F0-{A0} be an involution, Ax = CA(b), and ¿2 = CA(bb0).

Then AT=AXTX x A2T2 where Tx and T2 are A-invariant subgroups of T.

Proof. Since bô1ab0 = a~l for all aeA, A2 = {ae A\b'1ab = a~x} = IA(b). By

5.1(a), ¿ = ¿j x¿2. If ¿! = 1, then bb0 e CB(¿)£F n Z(G)= 1 and therefore b = b0.

Since this is not the case, Axi=l. Since F is an elementary abelian 2-group and

(\A\, |F|)=1, T=TxxT2 where TX = [AX, T] and Fa = CrUJ [4, Theorem 5.2.3].

Since A is abelian, both Tx and F2 are ¿-invariant. Furthermore, CTl(¿1)=l. If

Fj = l, then T=T2 and AT=AX xA2T satisfies the conclusion of the proposition.

We may therefore assume that Tx j± 1.

Let F* be an ¿-irreducible constituent of Tx and let ¿* = CA(T*). Let F* be

defined as in 5.5 and BX = CB.(A/A*). Then |F*/Fi|=2. Suppose b $ Bx. Then
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b0 e B* = (Jb, BX~)ÇZCB.(AXA*/A*). Since b0 inverts the elements of A, this implies

that AX<=:A* = CA(T*). This is not the case since CTl(Ax)= 1. Therefore b e Bx. In

particular, b centralizes A2A*/A*. Since b inverts the elements of A2, this implies

that A2^A* = CA(T*). Since this is true for all ^-irreducible constituents of Tx,

A2ZCA(TX). Therefore AT=AXTX x A2T2.

Proposition 5.8. [A, O(B0)]^CA(T).

Proof. Since F is completely ^-reducible, it suffices to show that [A, O(B0)]

^CA(T*) for any ^-irreducible constituent F* of F. Let H=(AB0)T*. Then

H = A(B0(B n T*))A,   A n Z(H) £ CA(b0) =1,    fin Z(H) £ CB(A) = 1,

and, since T* + l and T* n F0£fi n Z(G)= 1, NH(A)^H. Thus we may assume

that H= G and T is ,4-irreducible.

We consider Fas a vector space over F=Z/<2>. By 5.6, |F| = \B r\ T\2. Therefore

dimF (CT(b)) ä (1/2) dimF (F) for all b e B0. Let F be an algebraic closure of F and

let TL = T ®FF. Then each element ge N induces a linear transformation of TL,

the characteristic roots of g on Fand on TL are the same, and

dimL (Cn(b)) ^ (1/2) dimL(TL)

for all b eB0 (see §3.1 of [4]).

Let B' = O(B0). Since |^fi'| is odd and char(F) = 2, we can express TL as TL

= Vi © F2 ©• • • © Vm where AB' acts irreducibly on each V{, ISiSm. Letj be

chosen so that 1 SjSm. By Clifford's Theorem, Vf=Ux ® U2 ©■ ■ ■© Us where

each U¡ is ,4-invariant and satisfies:

(1) Ui = Xix © A"i2 ©■ ■ •© Xit, ISiSs, where each Xik is ^-irreducible and

Xik^ Xru as an ^4-module if and only if i = r; and

(2) for g e AB', the mapping É/¡ -> Uf is a permutation of {U, | 1 ̂  z'^s}.

Assume that [A, B']$CA(T) and let beB'be such that U, <è>]£ CA(T). Suppose

17i={/i6 for some i, ISiSs. Since /í acts irreducibly on Xix, L is algebraically

closed, and (char (F), |/i|)=l, each element aeA acts as a scalar on XiX [4,

Theorem 3.2.5]. Since Xik^Xix as an ,4-module, 1 SkSt, each element aeA acts

as a scalar on í/¡. Thus for a e A, b~1a~1ba e CN(U%). Therefore 1 is a characteristic

root of b~1a~1ba on FLand hence on F. Therefore CT(b~1a~1ba)^ 1. But b'1a~1ba

e A, A is abelian, and Fis /1-irreducible. Therefore CT(b~1a'1ba) = T. Since this is

true for all aeA, [A, (b}]^CA(T), a contradiction. Therefore b acts as a fixed

point free permutation of {Un | 1 SiSs}.

By rearranging the order of the (/¡'s, we may assume that

(Ux, U2,..., Uni), (Uni + X, Uni+2,..., Un2),. ..,(Unr+x, Unr+2, ...,US)

are the cycles of b. Then

dimL (CV)(b)) = dimL (Ux)+dimL (Uni + X)+ ■ ■ ■ +dimL (U„r+X).
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Furthermore, since the length of each cycle divides |6|,

dimL (Vt) à ^(dimL (Ux) + dimL (Uni + X)+ ■ ■ • +dimL (Unr+X))

where p is the smallest prime dividing |A|. Therefore

(1/p) dim^V,) Z dimL (Crfb)).

Let wk = dimL(Vk) and uk = dimL (CVk(b)), l^k^m. Since/' was chosen arbi-

trarily and |A| is odd, wfc^(l//»)w/c<(l/2)M'k, l^k^m. Since each Vk is A-invariant,

lúkúm, CTc(b) = CVl(b) ® CV2(b) 0- • • © CVm(b). Therefore

m m

dim, (CrL(b)) = 2 «* < (1/2) 2 wk = (1/2) dim, (TL),
k=l k=l

a contradiction. Therefore [¿, F']£C,i(r).

Corollary 5.9. Let Ax = CA(0(BQ)) and A2 = [A, O(B0)]. Then the following

conditions hold.

(i) A = AxxA2 and Ax+l.

(ii) G = (AxTxA2)B0.

(iii) CG(0(F0)) = ¿1FFo = ¿1F¿1.

Proof. Since A is abelian and (|¿|, |F|)=1, A = AxxA2 [4, Theorem 5.2.3]. By

5.8, A2^CA(T). Therefore G = (AxTxA2)B0 and T=(B n F)-4!£OG(G(F0)). If

¿i=l, then NG(A) = NG(A2)^T and therefore ¿<1G. Since this is not the case,

¿!^1. Finally, since CA2(O(B0))=l, CAT(O(B0)) = AxT. Hence

Ca(O(B0)) = CAT(O(B0))B0 = AXTB0 = Ax(BnT)AxB0 = AXBAX.

6. Factorizable ABA-groups. If G = ABA and G = AxBxAxxA2B2A2x ■ ■ ■ x

AnBnAn where

(1) ¿,£¿ and F,£F, lázázz,

(2) AXBXAX is either trivial or solvable, and

(3) either ¿¡^¿¡=1, 2<,i<,n, or AiBiAi^PSL(2, 2m<), w¡a2, 2^i¿n, then we

shall say that G is factorizable. We shall refer to the subgroups Gi = AiBiAi as

components of G. We shall often be dealing with groups G = ABA which we shall

know to be factorizable. If in such a situation we write G = AXBXAX x A2B2A2 x ■ ■ ■

x AnBnAn, then it is to be understood that (1), (2), and (3) hold. Furthermore, if

Gi = AiBiAi is a component of G, then G¡ = (¿ n G¡)(B n G¡)(¿ n G¡). Thus we

may, and shall, assume that ¿¡ = (¿ n G¡) and Bi = (B n G¿).

In this section and the next we shall study groups G of type III which satisfy

the further condition that any proper subgroup or quotient group of G which is of

type III is factorizable. We first obtain some information about factorizable

¿F¿-groups.

Proposition 6.1. Let G = ABA with A and B abelian ana* (|¿|, |F|)=1. Suppose

G^PSL(2,2n),n^2.Then:

(i) |¿|=2n+l, Ca(a) = AforallaeA#, and\B0\=2.
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(ii) The involution b0e B0 satisfies b01abQ = a  l for ail a e A. In particular, G is of

type III.

(iii) \B\=2n and CG(b) = Bfor ail b e B#.

Proof. By 2.3, G is simple, \G\=(2n-l)2n(2n+ 1), and G possesses abelian Hall

subgroups Rx, R2, and R3 of orders 2"- 1, 2", and 2n+ 1 respectively such that the

following conditions hold.

(a) CG(x) = Ri for all xeRf, i =1,2, 3.

(b) \Na(Rt)\ =2^, i =1,2.
(c) F? n F¿^ 1 implies g e NG(Rt), z= 1, 2, 3.

By 4.1, 12?| is even as G is not solvable. Therefore \A\ is odd. Let a e /4# be of

prime power order. By replacing Rx or R2 by a suitable conjugate, we may assume

a e Rj, j= 1 or 2. Then A £ CG(a) = /F, and, since R¡ is abelian, /F, £ CG(A) = ACB(A)

^AZ(G) = A. Therefore A = R¡. Therefore CG(a) = A for all aeA# and \N\ =2|^|.

Since N=AB0, \B0\=2 and there exists an involution b0 e B0 such that CA(b0) = l.

Since |A| is odd, /I = CA(b0){a e A | b0~1ab0=a~1}. Therefore b¿1ab0 = a~1 for all

aeA.

By replacing F3 by a conjugate, we may assume that b0 e R3. Then B^CG(b0)

= R3. Let abaxeR3, a,axeA, b e B. Then abax = b0~1(abax)b0 = a~1bax1 and

¿z " ̂ Zz = ai"2. By (c), either a2 = a2 = 1, or be B0. If a2 = a? = 1, then a = ax = 1 and

aèaj = be B.lfbe B0, then b'1ab = ax1 and flèaj = be B. Hence B=R3. Therefore

|fi| =2" and Ca(b)=B for all 6 e F#.

If ^ = Fl5 then |yi|=2"-l and (2n- l)2n(2"+l) = |G| S \A\2\B\ =(2n- 1)22", a

contradiction. Therefore A = R2 and |j4| =2"+ 1.

Lemma 6.2. Let G=ABA be a factorizable group of type III. Let G = AXBXAX

x A2B2A2 x ••• x AnBnAn. Then

(i) A = AXA2- ■ -An and B=BXB2- ■ Bn, and

(ii) ifiae Af, iä2, then CB(a) = BXB2- ■  B^xBi + x  •  Bn.

Proof. Let Gi = AiBiAi, 1 SiSn. Let ael Then a=xxx2- ■ -xn, x¡ e G¡, 1 ̂ /^«.

Since y4 is abelian, Xj e CGiF4¡) and hence, by 6.1(i), x¡ e ^¡, 2SiSn. It follows

immediately that x1e^4nG1 = ^1. Therefore A = AXA2- ■ ■ An. Similarly, using

6.1 (iii), B=BXB2- ■ Bn. Thus (i) holds. Statement (ii) is an immediate consequence

of(i) and 6.1(f).

Proposition 6.3. Let G = ABA be of type III and suppose H is a normal subgroup

of G such that either H^A or HçB. Suppose further that G = G/H=ABA is

factorizable. Then G is factorizable.

Proof. Let G = A~xBxAxxA~2B2A~2x ■ ■ ■ xA~nBnÄn. If G is solvable, then G is

solvable and therefore factorizable. We may therefore assume that AiBiAt==l,

2SiSn. Let G¡ = AfiiA^ G¡ be the inverse image in G of Gt, At be the inverse image

in A of A,, and B¡ be the inverse image in B of Bt, I SiSn. Then Gi = AiBiAi<¡G,

I SiSn, and Gx is solvable.
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Let; be an integer, 2&j<.n. Since //<1G;, CGj(H)<G}. If //£¿, then //£¿;.

£CGi(//). If F/£F, then //£F;£CG///). Thus, in either case, CGj(H)/H^l. Since

G;/// is simple, CG¡(H) = Gj. Thus G, is a central extension of PSL(2, 2mi). By 6.1,

F, is a Sylow 2-subgroup of G¡. Thus B}H contains a Sylow 2-subgroup of G,. A

Sylow 2-subgroup of B,H is contained in B n F,// and is therefore abelian. By

2.3(v), G; = H x Hj with H¡ s F5F(2,2m0- Since G¡ < G and // is solvable, //,<] G. Now

if F£¿, then Aj = H(Aj n //,) and, since G;///;^//£¿, F;£//y. If //£F, then

Bj=H(BJn H¡) and A^H¡. Therefore, in either case, A, = (A¡ n H)(Aj n Hf)

and Bj = (B, r\ H)(B, r\ H,). Let xeH}. Then x=aba', a,a'eA¡, b e B,. Let

a=0^2, a'=a3a±, b = bxb2, ax, a3 g ¿, n //, a2, a4 g ¿, O //,, Ax g F, n H, b2e B¡

C\Hj. Then x = axa2bxb2a3ai = (axbxa3)(a2b2ai). Since H n Hf=l, axbxa3=l and

x=a2b2al. Therefore Hj = (A] n //,)(F; n //,)(¿; n //,).

Let HX = GX = AXBXAX. For IrSzc, mázz, fc#m, [Hk, Hm]çHk n Hm^Hk n Hm

C\H=l. For geG, g=hxh2- ■ -hn with A¡g//j, l^z^zz. Suppose also that g

=A1A2- • A; with Aï g //¡, 1 áign. Then AJAf2 e H n H{, 1 gz^n. Since // n //¡= 1,

2^z'5j/z, hl = h'i, 2^z'S«, and therefore hx=h\. Therefore G=HxxH2x ■ ■ ■ xHn

whence G is factorizable.

In the remainder of this section we shall assume that G = ABA is of type III

and that any proper subgroup or factor group of G which is of type III is factor-

izable. We shall assume G contains a nontrivial normal subgroup H and under

various hypotheses on H we shall show that G is factorizable.

Proposition 6.4, IfHçA or H^B, then G is factorizable.

Proof. Assume first that //£¿. Let K=H(A n Z(G)). Then K<\G. Let G = G/K.

Then G = ÄBÄ. By 5.1(h), A = CA(b0) x IA(b0). Therefore, since CA(A0)£¿ nZ(G)

£F, bö1äb0 = ä~1 for all ä e A. Hence G is of type III. Therefore G is factorizable

and by 6.3, G is factorizable.

Assume next that //£ F. By what was done above, we may assume A n Z(G) = 1

so that bö1ab0 = a~1 for all aeA. Let G = G/H. Then G = ÄBÄ and bö1äb0 = ä-1

for all â g ¿. Therefore G is of type III. Hence G is factorizable and by 6.3, G is

factorizable.

Proposition 6.5. If H is of odd order, then G is factorizable.

Proof. By 6.4, we may assume A n Z(G) = B n Z(G) = 1. In particular, bô 1ab0

= a~1 for all aeA. Let K=(AH)(b0}. Then K=A(B n F)¿ is a solvable group of

type III, |F| is twice an odd number, and F n Z(F)£CS(¿)=1. By 5.2(i),

K=(A(Ba n K))T where T=(B n F^OF. It follows from 5.2(h) that CT(A)= 1

= Fn<A0>. Hence 2|F| = |<A0>F| divides |F|. Therefore |F| is odd. It follows

from 5.4(h) that F=l. Thus ¿OF. Therefore AH=A(B0nH). Hence //=

(A n FO(F0 n //). Therefore AnH<H. Since ¿ n H is a Hall subgroup of H,

An H char //. Hence A n H< G. If A n H+1, then by 6.4, G is factorizable. If

¿ n //= 1, then //£F and G is factorizable by 6.4.
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Proposition 6.6. If H=A*B*A*, A*^A, B*^B, is isomorphic to PSL(2,2n),

n ä 2, then G is factorizable.

Proof. By 6.4, we may assume A C\Z(G) = B nZ(G)=l. Hence b0~1ab0 = a~1

for all aeA. We may also assume Gj^H.

Let C=CG(H). Then C<JG and CH=CxH. Let GX = AH. Then GX = AB*A and

CnGx<\Gx. Let GX = GX/(C n Gx). Then GX = AB*I, H<\GX, C5l(H)=l. By

2.3(vi), Gx is isomorphic to a subgroup of FFF(2, 2") containing PSL(2, 2n). By 6.1,

\I*\ = 2n+l. By 2.3(iii), CBfI*) = I*. Therefore 1= Ä*. Hence A = (A n C)¿*.
Similarly 5=(fin C)fi*.

It follows immediately that G = CxH and C=(^nC)(finCpnC).

Furthermore, b0 = bxb2, bxe B n C, b2e B*. Now Zzf = 1 and bx1abx = a'1 for all

aeyl n C. Since G^//and fi n Z(G)= 1, ̂  n C^ 1. Therefore bx¿l. Hence C is

of type III. Since C<= G, C is factorizable. Therefore G = Cx His also factorizable.

Proposition 6.7. If H=A*B*A*, A*çzA, B*çzB, is solvable, then G is factor-

izable.

Proof. It follows from 6.4 that we may assume G does not possess any nontrivial

normal subgroups which are contained in A or in B. In particular, we may assume

A**\, B*f=l, A nZ(G)=l so that bô1ab0 = a-1 for all aeA, and NG(A*)<=G.

Let N* = Na(A*) and B' = Bn N*. Then N* = AB'A. Since b0 e B', N* is of type

III. Therefore N* is factorizable. Let N* = AXB'XAX xA2B'2A2 x ■ • ■ xAnB'nAn.

By 3.2, H=(A*B$)T where B* = B* n A* and T=(B* n F)'1*, and ^* is a Hall

subgroup of H. For g e G, A*g^H. Since /I* is an abelian Hall subgroup of H,

A*g = A*h for a suitable element he H. Therefore G = HN*. Thus if A* is solvable,

then G is solvable and therefore G is factorizable. We may therefore assume

A2B2A2^l.

Let ae A*. By 6.2(i), a = a1a2- • -an, at e Ah I SiSn. Since a9 e A for all ge N*,

A'2 = (a2\ ge A2B'2A2yç^A n A2B'2A2 = A2. Since A2B'2A2 is simple, A'2=l.

Therefore a2 = l. Hence A*^AXA3- ■ ■ An. Therefore A* and T=(B* n T)A' are

both centralized by B'2.

By 6.2(i), bQ = bxb2- ■ bn, bieBh ISiSn. Since bö1ab0 = a~1 for all ae.4,

b21ab2 = a'1 for all aey42. Let reF and aeAt- Then ta e H and therefore ra

=a't'b, a' e A*, t' eT, be B*. Since /I* and Fare centralized by B'2,

r = a't'b = a'bzt'b2bb2 = (ta)b2 = (t^y1 = ta'\

Hence ta2 = t. Since \A\ is odd, ta = t. Therefore F is centralized by A2. Hence

TçCG(A2B'2A2). Therefore NG(A2B'2A2)^{AB'A, T} = G. By 6.6, G is factorizable.

Proposition 6.8. IfH=A*B*A*, A*^A, B*qB, is of type III and H<=^G, then

G is factorizable.

Proof. Since H is of type III and //<= G, H is factorizable. Let

H = A*B*XA*X x A*B*A^ x ■ • • x A*B*A*.
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If His solvable, then G is factorizable by 6.7. We may therefore assume A*B*A*^l.

Let F=¿fS2*¿| and a e A. Then Ka<¡Ha = H. Since K n Fa2¿|, it is a nontrivial

normal subgroup of both F° and K. Since K is simple, K=Ka. Similarly K=K"

for all be B. Therefore K<\G. By 6.6, G is factorizable.

Proposition 6.9. Suppose H=(BnH)A and G = G/H=BxxÄB2Ä with

(Bx, B2y^B and ÄB2Ä^PSL(2, 2n), n^2. Then G is factorizable.

Proof. Assume A n Z(G) = B n Z(G)=l. By 3.3, H is nilpotent. Hence ¿//<A0>

is solvable. Let F=¿//<A0>. Then K=A(B n K)A, B n Z(K)^CB(A)çB n Z(G)

= 1, and ¿ nZ(F)£Ci4(A0)£¿ nZ(G)=l. If ¿OF, then [A, H]çAnH=l

and hence //£CB(¿)=1. Since H¥>1, NK(A)cK. Let m = \B n H\. By 5.6, \H\

= m2. Therefore

|G| = \H\ \BX\ \AB2I\ = w2|F1|(2"-l)2"(2'l+l).

By 6.2(i), B=BxxB2. By 6.1,  |F2|=2n and  |¿|=2n+l. Therefore |¿| = |¿|

= 2n+l and \B\ = \B n H\ \B\=m\Bx\2n. Hence

m2\Bx\(2n-l)2n(2n+l) = |G| á |¿|2|F| = (2n+l)2m\Bx\2n.

Therefore z?z(2n—l)^(2n+1) and hence 2n(m—l)-¿m + l. Since /j^2, it follows

that A(m— l)fím+ 1. Thus 3m^5. Hence zz;= 1 and therefore //= 1, a contradic-

tion. Therefore either A n Z(G)+ 1, or F n Z(G)+ 1. By 6.4, G is factorizable.

Proposition 6.10. If b0 is the only involution in B0 and H=(B n H)A, then G is

factorizable.

Proof. By 6.4, we may assume A n Z(G) = B n Z(G) = 1. Therefore A¿~ 1ab0 = a~1

for all a e A and hence CN(b0) = B0. Since [A, N n //]£¿ n H=l, Nn HçCB(A)

£FnZ(G)=l.

Let G = G/H. Then G = ABA and b~ö1äb~0 = ä~1 for all äeA. Therefore G is of

type III and hence G is factorizable. Let G = AxBxAxxA2B2A2x---xAnBnAn.

If G is solvable, then G is solvable and therefore factorizable. We may therefore

assume ¿2F2¿2# 1.

Let b be an involution in ^(¿), b e B. Then ¿&£¿F. Since A and A" are

abelian Hall subgroups of AH, Ab = Ax, x e AH. Therefore b = gh with g e N#

and he H. Now gh = b = bbo=gb<>hb°. Since N n H=l, g"°=g. Since CN(b0) = B0,

g e B0. Now g2hgh=ghgh = b2 e H. Therefore g2 e H n B0=l. Since b0 is the only

involution in B0, g = b0. Therefore b = g = b0. Thus z50 is the only involution in

NE(A).

By 6.1(i), there exists an involution beNB2(A2). By 6.2(i), A = AXA2- ■ ■ An.

Therefore beNs(A) and hence b = b0. Since bö1äb0 = ä~1 for all äeÄ and z50

= 5gF2 = Cs(¿1¿3- • .¿„), ¿ = ¿2. Therefore G = BxxAB2A. By 6.9, G is factor-

izable.
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7. A class of groups of type III.  In this section we shall prove the following result.

Theorem 7.1. Let G = ABA be of type III. Suppose

(1) any proper subgroup or factor group of G which is of type III is factorizable,

and

(2) CG(a)^NforallaeA#.

Then G is factorizable.

We begin with a lemma which will be used in this section and again in §8.

Lemma 7.2. Let G = ABA be of type III. Suppose CG(a) is solvable for all a e A#.

Let bxeB0 be an involution, Ax = CA(bx), and A2 = IA(bx). Then A = AxxA2 and

CG(bi) = AxBAx.

Proof. By 5.1(h), A=Ai xA2. Let g=aba' e CG(bx), a, a' e A, be B. Let a = axa2

and a' = aia2, a¡ e A{, z'=l,2. Then axa2bdxd2=g = bx~1gbx = axa21ba'xa'2~1. Hence

b~1a\b = a'2~2. Suppose a2~2 = l. Then a2 = l and, since \A\ is odd, a2 = a2 = l.

Thus g=axba'x in this case. Suppose next that a'2~2^l. Let C=CG(a'2~2). Then

C=A(B n C)A is solvable and {A, Ab~)<=C. By 3.2, A is a Hall subgroup of C.

Hence A" = AC, ceC. Therefore beCN and hence g=aba'eCN. Now CN

= A(B n CN)A is solvable and b0 e CN. By 5.2(vi), g e CCN(bx) = Ax(B n CN)AX

and hence g=a3b'd3, a3,a'3eAx, b' e B. Since (Ax, ByQCG(bx), CG(bx) = AxBAx.

We turn now to the proof of the theorem. It follows from 6.4 that we may assume

G does not possess any nontrivial normal subgroups which are contained either in

A or in B. In particular, A n Z(G) = B n Z(G)= 1 and Ac G. Since A n Z(G) = 1,

bö 1ab0 = a ~x for all a e A. We break up the argument into a sequence of lemmas.

Let n(X) be the number of involutions in the set X.

Lemma 7.3. There exist integers m, r, s^l such that

(i) zz(fi) = n(B0) + (n(B0) +1X2» -1),

(ii) |fi/fi0| =2mr^(zz(fi0)+ l)(2m- 1)+1,

(iii) \A\ -1 = 2mrsS2(n(B0) + l)(2m-1), and

(iv) \G\ = \A\ |fi|(M|-(|/l|-l)/|fi/fi0|) = (2mrs+l)|fi|(2mrs+l-s).

Proof. Let b0, bx,..., bt be a complete set of distinct coset representatives of B0

in B. For zä 1 and ae A#, set bf 1abi = axba2, ax, a2e A, be B. By 5.3(vi), ax = a2=£ I

and beB—BQ is an involution. In particular, n(B—B0)^l. By rearranging the

order of the ¿z¡'s, we may assume that bx, b2,..., bk are involutions and that biB0

contains no involutions if i>k.

Since B is abelian, {b,B0 \ OSjSk} forms a subgroup of B/B0 of order k + l=2m

for a suitable integer m-1. Now |fi/fi0|=2mr for a suitable integer r^l. Fur-

thermore, zz(fi-fi0) = (zz(fi0)+l)A: = («(fio) + l)(2m-l). Therefore zz(fi)=zz(fi0) +

(zz(fi0) + l)(2m-1). Thus (i) holds.

Suppose bî1abi = bj1a'bj, a, a' e A#. Then bjbr1abibj1=a'. By 5.3(h), bfij1 e N.
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Hence A¡ = A; and a=a'. Therefore

(|5/F0|-1)|¿#| = KA^aA, | 1 á i á zzandaG¿#}|

á \{axbax | ax e ¿# and A is an involution in F—ß0}|

á \A#\n(B-B0) = \A#\(n(B0)+l)(2m-l).

Therefore |F/F0| = 2"V ̂ (zi(F0) + l)(2m- i)+ 1. Thus (ii) holds.

By 5.3(v), |G| = |¿| |F|(|¿|-(|¿|-1)/|F/F0|). In particular, |5/F0| divides

|¿| -1. Let |¿| -1 = |F/F0|í = 2mz-í. Then |G| =(2mrs+l)\B\(2mrs+l -s). Thus (iv)

holds.

Fix z'_ 1. It follows from 5.3(vii) that the map a -> A from ¿# into the set of all

involutions in B-B0 determined by bf1abi = axbax is at most two-to-one. Therefore

|¿|-l=2mz-i^2zí(F-F0) = 2(zz(F0) + l)(2m-l) and (iii) holds.

Lemma 7.4. Suppose b e B0 — {b0} is an involution. Let Ax = CA(b) and let C= Ca(b).

Then:

(i) \C\ = \Ax\\B\(\A\-(\Ax\-l)/\B/B0\).

(ii) \Ax\=k\B/B0\ + l,   k=l or 2.

(iii) Any involution in B0 either centralizes Ax or inverts the elements of Ax.

Proof. By 7.2, C=AXBAX and A = AxxIA(b). If Ax = l, then, since bô1abo = a~1

for all aeA, bb0 e CB(¿)£F n Z(G)=l and therefore A = A0. Since this is not the

case, ¿ítM. It follows from 5.3(H) that NG(AX)^N. Since F is abelian, F0£A'G(¿1).

Therefore NB(AX) = B0 and Cc(a)GNn CçNc(Ax) for all aeAf. Statement (i)

now follows immediately from 5.3(v) applied to O

Since F n Z(G) = 1, C<=G. Since b0e C, C is of type III and is therefore factor-

izable. Let C=AXXBXAXX xAX2B2AX2x ■ ■ ■ xAXnBnAXn. Since Cc(a)£Afc(¿1) for

all a e Af, either C is solvable, or C= Bx x AXB2AX. Suppose first that C is solvable.

Then it follows from 5.3(viii) that \AX\ = \B/B0\ +1 and any involution in F0 either

centralizes Ax or inverts each element of Ax. Suppose next that C=BX x AXB2AX.

Then Fi£F0. Hence B0 = BX x(B2 n B0). By 6.1, \Ax\ = \B2\ + l, \B2n B0\=2, and

the involution in F2 n B0 inverts Ax elementwise. Therefore

\AX\ = \B2\ + l =2\B2/(B2nB0)\ + l =2\BxB2/Bx(B2nB0)\ + l = 2\B/B0\ + l,

and any involution in F0 either centralizes Ax or inverts each element of Ax. Thus

(iii) and (iv) hold.

Lemma 7.5. A0 is the only involution in B0.

Proof. Suppose there exists an involution bxe B0 — {b0}. Let Ax = CA(bx) and

A2 = IA(bx). Then A = AxxA2. Furthermore, since A0~1aA0=a~1 for all aeA,

A2 = CA(b1b0). Let A g F0 be an involution. By 7.4(iii), either CA(b) = A, CA(b) = Ax,

CA(b) = A2, or 0.4(A) = 1. Hence one of the elements A, bbx, bbxb0, or AA0 centralizes

A. Since CB(A) £ B n Z(G) = 1, we must have 6=1, bbx = l, bbxb0=l, or AA0=1.

Therefore A0, bx, and bxb0 are the only involutions in B0. Therefore zz(F0) = 3.
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By 7.3(iii), \A\ - 1 = |fi/fi0|s = 2mz-sá8(2m)-8 with m, r^ 1. Now A = AX xA2 and

by 7.4(h), |y4,j=Jt,2mr+l, k¡ = l or 2, ¿=1, 2. Therefore

(1) \A\-l = (2mr)(2mrkxk2 + kx + k2) S 8(2m)-8.

Therefore 2mz-(2mr + 2)á8(2m)-8. Hence 8^2m(8-2mz-2-2r). In particular,

8>2mr2 + 2z\ Since m, r=l, 2mg4andr=l.

Suppose first that 2m = 2. By (1), 2(2A:1/c2+A:1+A:2)^8. Therefore kx = k2 = l.

Therefore |fi/fi0| =2mr = 2, \AX\ =2kx+ 1 =3, and by (1), \A\=9. By 7.4(i), \CG(bx)\

= (3)|5|(2). On the other hand, by 7.3(iv), |G| =(9)|fi|(5). This contradicts the fact

that \Ca(bx)\ divides |G|.

Suppose next that 2m = 4. By (1), 4(4kxk2 + kx + k2)S24. Therefore kx = k2=l.

Therefore |fi/fi0|=4, \AX\ = 5, and \A\=25. Then \CG(bx)\=(5)\B\(4) and |G|

= (25)|fi|(19). Once again iCoCôi)! does not divide |G|, a contradiction. Therefore

¿o is the only involution in B0.

Lemma 7.6. The following conditions hold.

(i) \B/BQ\=2™.
(ii) \A\=2m+l or2m + 1 + l.

(iii) If \A\ =2m + 1 +1, then every involution in G is conjugate to b0.

Proof. By 7.5, n(B0) = 1. By 7.3(h), |B/B0\=2mrS2(2m)- 1. Therefore 1 S(2-r)2m

and hence r= 1. Thus (i) holds. Furthermore, by 7.3(iii) and (iv), \A\ =2ms+1 and

|G|=(2ms+l)|fi|(2ms+l-s). We shall determine the possible values for s by

comparing the number of conjugates of b0 with n(G).

Let axba2 be an involution, au a2e A, b e B. Then axba2 = a21b~~1ax1. By 5.3(iv),

either a1 = a21 and b = b~1, or beB0. Suppose beB0. Then baxa2 = b'1(a21)b~1ax1

and therefore b2 e A n B= 1. Since b0 is the only involution in B0, b = b0. Therefore

axba2 = axa21b = a3b, a3e A. Since \A\ is odd, a3 = a|, a4 e A. Therefore axba2 = a3b

= a\b = aibal1. Thus every involution in G is of the form a~1ba with aeA and b

an involution in B. Now suppose ax1bxax = a21b2a2 where ax, a2 e A, and bx and b2

are involutions in B. Then a2ax1bx = b2a2ax1. By 5.3(iv), bx = b2 and either ax=a2,

or bx e N. In particular, bx e C^a^1). lfbx e N, then bx = b0. Since CA(b0)= 1, this

forces a2ai"1=l so that ax = a2 in this case as well. Therefore n(G)=\A\n(B).

Hence, by 7.3(i),

n(G) = \A\(2m + 1-l).

By 7.2, CG(b0) = B. Thus the number of conjugates of b0 in G is

\G\/\B\ = (2ms+l)(2ms+l-s) = \A\(2ms+l-s).

Since the number of conjugates of b0 is at most zz(G), (2ms+l -s)S(2m + 1-l).

Thus 2-s^2m(2-s) and therefore s=l or 2. Therefore \A\=2ms+l=2m+l or

2m + 1 + l and (ii) holds. Furthermore, if |/4|=2m + 1 + l, then s=2 and hence

M|(2ms+l-s)=|/l|(2m + 1-l). That is, if M|=2m + 1 + 1, then the number of

conjugates of bQ is n(G). Thus (iii) holds.
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Lemma 7.7. If\A\=2m+l, then G is factorizable.

Proof. By 7.6(i), |F/F0|=2m. Therefore, by 7.3(iv), |G| = |¿| |F|2m=|¿| |F0|22m.

Therefore F0 contains Sylow /»-subgroups of G for all odd primes /» dividing |F|,

and A is a Hall subgroup of G. Let F* = O(B0).

Assume first that F* = l. Then \B0\ = 2k for some integer zc^l, and |G|

= \A\22m+k. Let 5 be a Sylow 2-subgroup of G. Then G=¿5. Thus G is a product

of two nilpotent groups and hence G is solvable [11]. Therefore G is factorizable.

Assume next that F*^ 1. Let axbxa2 e NG(B*), ax, a2 e A, bxe B, and let A g F*.

Then a21bx1ax~1ba1bxa2=b' e B*. Hence

a2-1Ar1ar1 = AXa^ArV1^-1 = (a^y-'b'b^b-^)»-1.

Therefore

AAjA'-Har'^Ar1 = (or1)*'1«!.

It follows from 5.3(iii) that A'-1A=1. Therefore A = A'. Therefore B*^Z(NG(B*)\

B* is an abelian Hall subgroup of G. Therefore t, the transfer of G ;

maps B* = B* nZ(NG(B*)) onto itself [8]. Therefore ker(r)cG. I

£ker (t). Hence ker (t) is of type III. By 6.8, G is factorizable.

Lemma 7.8. If\A\=2m + 1 + l, then G is factorizable.

Proof. By 7.6(i), |F/F0|=2m. Therefore, by 7.3(iv), |G| = (2m + 1 + l)|F;

Thus a Sylow 2-subgroup of G is contained in F and is therefore abelian. By 7.6(iii),

every involution in G is conjugate to A0. By 7.2, CG(b0) = B. Therefore the centralizer

of any involution of G is abelian. If 0(G) +1, then G is factorizable by 6.5. We may

therefore assume 0(G) = 1.

By 2.2, G is isomorphic to a subgroup of Pr£(2, q) containing PSL(2, q) where

either a = 3 or 5 (mod 8), q^5, or q=2n, n^2. It follows from 2.3(iv) and 2.4(1)

and (ii) that G possesses a normal subgroup //^ F5F(2, q) such that | G/H | is odd.

Since |A0| =2, b0e H. Hence a2 = A0"1(a~1A0a) g H for all a e A. Since |¿| is odd,

¿£//. Hence H=A(B n H)A. Since b0eH, H is of type III. If H^G, then G is

factorizable by 6.8. We may therefore assume that H= G.

If q = 3 or 5 (mod 8), q > 5, then, by 2.4(iii), B= CG(b0) is dihedral of order q ± 1.

Since q ± 1 ̂  4 in this case, B is not abelian, a contradiction. Therefore G s PSL(2, q)

where a=5 or 9 = 2", «^2. By 2.4(h), F5L(2, 5)^F5L(2, 4). Thus G^PSL(2, 2n),

n S: 2, in either case. Therefore G is factorizable.

It follows from 7.6(h), 7.7, and 7.8 that G is factorizable. This completes the

proof of Theorem 7.1.

8. The structure of groups of type III. In this section we shall prove the following

result.

Theorem 8.1. Every ABA-group of type III is factorizable.

Proof. Assume false and let G = ABA he a counterexample of minimal order.

Then any proper subgroup or factor group of G which is of type III is factorizable.
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It follows from 6.4 that A c\Z(G) = B nZ(G)=l. In particular, bô1ab0 = a~1 for

all aeA.

For aeA#, let N*(a) = <.CG(a), N). Since N=AB0 and CG(a) = ACB(a)A, N*(a)

= A(CB(a)B0)A. Let L(a) = (ab \ b e B0). Then L(a)<\A and B0ç=NG(L(a)). Since A

and fi are abelian, {A, CB(a))^CG(L(a)). Therefore L(a)<\N*(a). It follows from

6.4 that N*(a)<^G. Let M(a) be a fixed, but arbitrary, maximal subgroup of G

containing N*(a). Since A^M(a), M(a) = A(B n M(a))^. Since b0 e M(a), M(a) is

of type III. Hence M(a) is factorizable. Furthermore, A C\ Z(M(a))^CA(b0)=l

and B n Z(M(a)) £ CB(A) ̂BC\ Z(G) = 1.

It follows from 7.1 that there exists an element a* e A# such that N*(a*)$N.

We shall reach a contradiction by studying M(a*). We break up the argument into

a sequence of lemmas.

Lemma 8.2. Suppose N*(a)$N, a e A#. Then M(a) is solvable.

Proof. Let M=M(a) and assume that Mis not solvable. Let Aß^A,, 1 SiSn, be

the components of M. Then M=AXBXAX x A2B2A2x ■ ■ ■ xAnBnAn. Since N*(a)

£N and M is not solvable, at least two of the ^¡'s are nontrivial. For otherwise

M=BxxA2B2A2 and N*(a)$N by 6.1(i). By 6.2(i), A = AXA2---An and

b0 = bxb2- ■ -bn, Zz¡ e Bu ISiSn. Since b0~1a'b0 = a'~1 for all a' e A, bf1aibi = ar1 for

all a{eAi, ISiSn. Hence ¿z¡ e ABF4¡)£fi0, ISiSn, CA(b2b0) = A2^l, and

CA(b2) = AxA3---An¿l.

We first show that N*(a')zM for all a' e A#. Now if N*(a')çN, then N*(a')

£A*(a)£M. We may therefore assume N*(a')£N. Let M' = M(a').

Assume first that M' is solvable. Then M' = (AV)B0 where F=(fi n F)^<1 AT.

Since N*(a')£N, NM,(A)aM'. By 5.7,

M' = (GM3-- -^FiX^F^o

where Vx and K2 are ,4-invariant subgroups of Fand therefore satisfy Vi = (Bn V,)A,

¿=1, 2. Let HX = A2B2A2. Let H2 = AiBjAj be a nontrivial component of M with

±2. Then

zV^iA) 2 <M, CB(^i2)> 2 <M, fi n Fi),

and

N0(H2) 2 <Af, Cfl(¿,)> =><M,Bn F2>.

Since G is not factorizable, it follows from 6.6 and 6.7 that NG(Hi)<=G, ¿=1, 2.

Since M is a maximal subgroup of G, NG(H^) = M, i= 1, 2. Therefore

<finF1(fin F2> £ A/.

Since AB0^M and ^ = (5 n F¡)A, ¿= 1, 2, M'£M and hence N*(a')çM.

Assume next that M' is not solvable. Let H[=A'iB'iA'i, lSiSm,be the compo-

nentsofM'.Thenw^2,Ä,1'^l,2^z^zzz,andM' = ^ifii^ix^2fi2^2x ■■■ÄmB'mÄm.

By 6.2(i), A = A'XA'2- ■ ■ A'm. Furthermore, since b2e B0ç^M', b2 = b'xb'2- ■ -b'm with

b'ieN^A'i), ISiSm.
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Suppose A2 = Ai. Then A2 = CA(b2b0) = CA(b'xb0)<=A'x and A'2-■-A'm^CA(b'x)

= CA(b2) = AxA3---An<zCA(B2). In particular, Na(H'2)z=(M', CB(¿2)>2<M', F2>.

By 6.6, NG(H'2)<^G. Since M' is a maximal subgroup of G, NG(H'2) = M'. Therefore

F2£M'. Since F2£CG(¿2- ■ -A'm), it follows from 6.2(h) that B2^B'X. Therefore,

since ¿2£¿í, ¿2F2¿2£A'XB'XA'X. This is impossible as A'XB'XA'X is solvable and

¿2/?2¿2 is not. Therefore, by rearranging the components of M', b2 = b'xb'2- ■ -Ay

with b'i ,¿ 1, 2 ̂  z g/ It follows from 6.1 that A|" ldfr[ =t¿Tl for all a\ e ¿J, 2 g z £/.

Suppose y</n. Then A'2^CA(b2bQ) = A2^CA(BxB3---Bn), and ¿; + 1gCA(A2)

= ^1¿a---^n=Cjt(i?a). Therefore NG(H'2)^(M', BXB3- • -Fn> and NG(H'i + x)2

(AT, B2}. By 6.6, 7V0(^)c G and AfG(//;+1)<= G, Therefore A^Z/á) = A^f//; + J = M'.

Hence F^- • Bn^M'. Since ¿£M', M^M'. Since A/ is a maximal subgroup of

G, M=M'. In particular, N*(a')QM.

Suppose 7 = zw. Then AXA3- ■ ■An=CA(b2)'=,A'x, and ¿2¿3- • ■ A'm^CA(b2b0)

= A2çCA(BxB3--Bn). In particular, NG(H2)^(M', BXB3-■-Bn>. Therefore

BXB3- ■ Bn^M'. Since F^- • Bn centralizes ¿2¿3- • -A'm, it follows from 6.2(h)

that BXB3- ■ ■ Bn^B'x. Since ¿i¿3- • -¿„£¿i and A'XB'XA'X is solvable, we must have

Z7 = 2. Since at least two of the ¿¡'s are nontrivial, AXBXAX=¡= 1. By expressing b'2 as a

product of elements in the F¡'s and repeating the above argument, we see that

either M=M' or m = 2, B'X^BX, and A'X^AX. In the latter case, AXBXAX = A'XB'XA'X

and hence NG(AXBXAX)2<[M, M">. It follows from 6.7 that NG(AXBXAX)^G.

Therefore M=NG(AXBXAX) = M'. Thus M=M' in either case. Hence /Y*(a')gM.

Therefore Af*(a')£A/ for all a' g ¿#. Now suppose ¿ n¿0^l, A g F. Then

¿b£CG(¿n¿!')£M. Therefore Mb = Ab(B n M)bAb^M and hence b e NG(M).

It follows from 6.8 that NG(M)^G. Therefore NG(M) = M and hence A g M.

Let A* = AiA3 ■ • ■ A„. Then A* = A2A0. Let C= CG(A*). We next show that C= ¿2F¿2.

Clearly <¿2, F>£C. Thus it suffices to show that each element of C can be ex-

pressed in the form a2Aa2 with a2, d2 e A2 and be B. Let a"Aa' g C, a", a' g A,

be B. Let a" = aia2- • an and a' = aia2- • a'n with a¡, a¡ g ¿¡, 1 ̂ z'^zî. Then

a^a • ■ • anba'xa'2 ■ ■ ■ a'n = (axa2 ■ • ■ anba'xa'2 ■ ■ ■ a'nf

= ax~1a2a31- ■ ■añ1ba'i~1a2d3~1- ■ -a'n1.

Therefore A_1afa§- ■ •a2A = a'r2a3~2- ■ -an-3. Thus either a^- • •an = aid3- ■ -a'n= 1,

or A n Abj= 1. In the first case, a"ba' = a2bd2 is of the required form. Suppose, on

the other hand, that A n ¿VI. Then be M. Let b=gxg2- ■ -gn, g¡ e B¡, l^i^n.

Thengi-1afgi=di-2, i= 1, 3,...,n. By 5.2(v), gx1axgx = dx-1. By 6.1(i), either a[=l,

or gï 1aigi e CAtBiAi(a[~3) = Au 3 á i5¡ n. If a[ = 1, then a4 = 1 and therefore gf 1aigi = 1

=a'i~1. If gr 1«ig^i g ¿i, then, since |¿f| is odd, g¡~ 1ajg, = a¡~1 being the unique

square root in ¿, of a!-2. Therefore A~1a,A=gj~1aigi=ai~1, ;'= 1, 3,.. ., zz. Hence

a"Aa' = a2bb~1(axa3- ■ -an)Aaiaa- • a'na'2 = a2bd2.

Therefore C=A2BA2.

Since F n Z(G) = 1, C<=G. Since A0 g C, C is of type III. Therefore C is factor-

IZtlDlC   LCt   (_• == -^21-^21-^*21 ^ ^22^22-^22 ^  ' ' '  ^ J^2k^2k^2k'  OÏYiCQ   /l2"2ji^2 — *-^î   ^   *^
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not solvable. Hence A22B22A22+ 1. Suppose A2j± 1 for some 7^2, 1 SjSk. Then

fi22£CGF42j)£ AF Since B22 centralizes A2}^A2, it follows from 6.2(h) that

B22^BXB3- • Bn^CG(A2). This is impossible as ^22£v42, A22^l, and CA22(B22) = 1.

Therefore A2 = A22 and C=B2XxA2B22A2. Since C/A2B22A2 is solvable, A2B2A2

^A2B22A2. It follows from 6.1 that ^2fi2^2 = ^2fi22v42. But fi21£CG(,42)£M.

Therefore BçzC=B2X xA2B2A2çM. Since /l£M, M=G, a contradiction. This

contradiction completes the proof of Lemma 8.2.

Lemma 8.3. b0 is the only involution in B0 and O(B0) = l.

Proof. Assume false. Recall that there exists an element a* e A# such that

N*(a*)$N. Let M* = M(a*). By 8.2, M* is solvable. Therefore M* = (AT)B0

where T=(B n T)A<M*. Since N*(a*)$N, NM,(A)<=M* and T+l. Furthermore,

AnZ(M*)^CA(b0) = l and B n Z(M*)£CB(A) = 1. Suppose there exists an

involution b' e B0-{b0}. Then, by 5.7, M* = (AxTxx A2T2)B0 where Ax = CA(b'),

A2 = CA(b'b0), and Tx and T2 are ^-invariant subgroups of T. Furthermore, A = AX

xA2 and, since B n Z(G)=l, Ax and A2 are both nontrivial. We may assume,

without loss of generality, that F^l. In this case we set Bx = (b'y. Suppose next

that b0 is the only involution in B0. Then O(fi0)^l. By 5.9, M* = (AxTxA2)B0

where Ax = CA(O(B0)) and A2 = [A, O(B0)]. Here again, A = AxxA2 and Ax and A2

are both nontrivial. In this case we set Bx = O(B0), Tx = T, and T2 = 1. Thus, in

either case, M* = (AxTxx A2T2)B0 where AX = CA(BX), A = AxxA2, Ax, A2, and Tx

are nontrivial, and Tx and F2 are ^-invariant subgroups of F.

Since T=(Br\T)A, CrF4)£CBn7.F4)£fi n Z(G)= 1. Hence, by 5.4(v), Fis an

elementary abelian 2-group. Let TX = TXX xTx2x ■ • • xFlm where rlt is ^-irre-

ducible, 1 S¡Sm. Now if Fis any .4-invariant subgroup of F, then V=(B n F)A

and therefore V<M*. Hence F¡ = (fi n FO^M*, ¿=1,2, and TXj = (BnTXj)A

<M*, 1 SjSm. It follows that

Cr(¿0) = CTl(b0) x CT2(b0) = CTJb0) x ■ • • x CTlm(b0) x CT2(b0).

By 5.4(i), CT(b0) = B n F. Therefore

B n T = (B n Tx)x(B r\ T2) = (B n Txx)x ■ ■ ■ x(B n TXm)x(Bn T2).

Since B n Z(M*)= 1, it follows from 5.2(h) and (iii) that Bn M* = (BnT)x B0.

Hence B n M* = (B nTx)x(B n F2) x fi0.

We next argue that A*(a)£M* for all aeA». If A*(a)£A, then A*(a)£Af*.

Suppose A*(a) ̂  A, a e yl#. Then M(a) is solvable by 8.2. Therefore M(a) = (A W)B0

where W=(B n W)A<M(a). As above, iV/(a) = (^1rF1x^2IF2)fi0 with Wi =

(Br\W,)A, i =1,2. Now A{T = A¿B n T%)Ah ¿=1,2. Therefore ^(.4^)2

<M*,CBF41)>2<M*,finIF2>, and A0L42r2)=><M*, CBL42)>2<M*, fin ^>.

It follows from 6.7 that N^T^G, ¿=1,2. Therefore A^/LF^M*, ¿-1,2.
Therefore (B n Wx, B n IF2>£M*. Since AB0^M* and IFf = (fi n IF;)-1, ¿= 1, 2,

M(a)£M*. Hence N*(a)^M*.
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Suppose ¿ n ¿V 1, A g F. Then A"çCa(A n Ab)çM*. Since A is an abelian

Hall subgroup of Af*, Ab = Ax for some x g Ai*. Therefore A g M*N=M*. Suppose

next that AbnM*^l. Then AbnM*^Ax for some xgM*. Therefore A"

^Ca(A" n M*)^M*X = M*. As above, A g M*N=M*.

Let C=CG(BX). We next show that C=AXBAX. It follows from 8.2 that CG(a) is

solvable for all aeA#. Thus, if Bx = (b"), b' an involution, then C=AXBAX by

7.2. Suppose Bx = O(B0). Let g = aba' eC, a, a'e A, b e B, and let b* e Bx. Let

0=0^2 and a' = aia2 with a¡, aj g A¡, i=I, 2. Then

axa2ba'xa2 = g = g"' = (axa2bdxa'2)b' = axab2'ba'xa'2b'.

Hence A-1a2(a2~'1)i'*A = a2,'*a2-1. Suppose first that d2b'd21 = l for all A* g Bx. Then

o2(a21)"'= 1 for all A* g Bx. Hence a2, a2 g ¿2 n ¿1 = 1 and therefore g=axba'x.

Suppose next that d2'd2~1¥:l for some A* e Bx. Then Ab n Aj^l and therefore

A g A/*. Hence g e CM.(BX). By 5.9(iii), g e AX(B n M*)AX. Therefore C=AXBAX.

Let B2 = NB(AX) and B3 = CB(AX). If A g F2, then A" n A¿1 and therefore

AgAF*. Since B n M* = (B nTx)x(B n T2)xB0 and (BnT2)B0^B2, B2 =

(B2 n TX)(B n T2)B0. Since [F2 n 7/ls ¿JgTj n ¿1 = 1,

B2nTxs CBnri(¿1)£ CB(¿) = 1.

Therefore B2 = (B n T2)B0 and hence B3 = (B n T2)(B3 n B0).

Since F n Z(G) = 1 and Bx # 1, C<= G. Since A0 g C, C is of type III. Therefore C

is factorizable. Let C=AXXBXXAXX xAx2Bx2A12x ■ ■ ■ xAxkBxkAXk. By 8.2, CG(a)

is solvable for all aeA#. Therefore either C=Bxxx AXBX2AX, or C is solvable.

Suppose 0=F11x¿1F12¿j. It follows from 6.1(i) that |¿1| = |F12| + 1 and Bxx

= CB(AX) = B3. Furthermore, if A g CBnTl(a), ae Af, then be Bxxn F1£CBr,í-1(¿1)

£CB(¿)=1. Therefore Ax acts regularly on Tx. By 5.2(vii), CMlTl)Bo(a)£¿1F0 for

all a e Af. By 5.3(viii),

\AX\ = \(BnTx)B0/B0\ + l = \BnTx\ + l.

Therefore |F12| = |F n 7i|. Hence

\B\ = \Bn\ \BX2\ =■ \B3\ \B n Tx\ ^ \B n T2\ \B0\ \B n Tx\ = \B n M*\.

Therefore BçM*. Since ¿£Af*, M* = G, a contradiction. Therefore Cis solvable.

Since C is solvable, C=(AXU)B2 where U = (Bn U)Ax<¡C. Let C=C/B3. Then

C = JiBli = Ä~XÜB2   and    Ü = (B n U)Ax = (B n üfi.

Suppose b~1âb = â', a,a'eAx, b e B. Then b~1ab = a'b*, b* e B3. Hence lA'^AI

= |a'| |A*| and therefore A* = l. In particular, B n Z(C)£CB(IX) = 1, NE(ÄX)

=B2cC, and Ix n Z(C)£ CÄl(bQ) = 1.

Since Ü=(Bn Ü)\ Cü(Äx)cCB(Äx)^B n Z(C)=l. Hence by 5.4(v), C7 is an

elementary abelian 2-group. Let U= UxxU2x ■ ■ ■ xUn where each U¡ is Ax-

irreducible,  lujan. Then Ü,, = (B n Tj^fx O C,  l^j^n, and F n t7=(F n zjj)
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x(B n U2)x ■ ■ ■ x(B n Un). Let U¡ be the inverse image in Uof U¡, 1 SjSn. Then

U=UxU2---Un, and U¡ = (Bn U¡)\ ISjSn. If E/sAT*, then fi£C£M* and

therefore M* = G. Since this is not the case, U£M*. Thus we may assume, by

rearranging the U/s that UX£M*.

Suppose CAl(Ü¡) + 1 for some /, 1 S i S n. Let b e B n U¡ and ä e CÄ1(Üt), a e Af.

Then b'1âb = â and therefore b~1ab = a. Hence b e CG(a)£Af*. Therefore B n Í/,

£Af*. Since AX^M* and Ut = (B n U¡)\ (/¡£M*. Hence, since UX$M*,

CAl(Dx)=l. It follows from 5.4(iii) that Zx acts regularly on E7X. It follows from

5.4(iii) and (iv) that CÄfJJ,)^l, 2SjSn. Therefore U2U3- ■ ■ Un<=M*. Let J?4 he a

Sylow 2-subgroup of B2 and B^Çl^B^). Since CAl(Dx)=l and CB(Ax)=l, |fi5| =2

by 5.5(h). Hence b0 is the only involution in B2.

Let Axx = CAl(Txx). Suppose Axx = l. Then, by 5.4(iii), Ax acts regularly on Tu.

Let b e B n U¡, b e B, z'^2. Then there exists an element a e Af such that b = ba.

Hence è = /3a. Since b e U¡cM, b = bxx-■ ■ bXmb2b* with b* e B0, b2eBn T2, and

¿u e ß n Fl3, 1 SjSm. Since ¿z = ¿za and Fis abelian,

o*(0*«)-i = éhéïi*.. -b^b^blb^eB, n T £ c^) = 1.

Therefore bxx = bxx. Since Ax acts regularly on F11,/311 = 1. Hence b = bX2- ■ -bXmb2b*

Since B2 = (Bn T2)B0, it follows that

(J n L72)(ß n f73)- • -(fi n t7n)fi2 £ (BnTX2)- ■ (B n TXm)(B~7vf¡)B0.

Hence

|fi| S \SnÜx\ \(BrTT\2)- -(Bn TXm)(Brvf2)B0\.

Since Ax and ^ act regularly on T1X and F^ respectively, it follows from 5.2(vii)

and 5.3(viii) that Mi| = |fi n Fn| + 1 and \AX\ = \B n Ux\ + l. Since A n B3=l

= TxxnB3,

\AX\ = \IX\    and    IfinT^I = \BnTlx\.

Therefore

\BnÜx\ = |S7T2\7|.
Hence

|fi| ^ |finFn| |(fi7^7\¡). ■ -(B n rlmXirñ~7y50| = |finM*|.

Therefore

B = BnM*.

Since B3çBr\ M*, B=Br\ M*. Since ^£M*, M* = G, a contradiction. There-

fore Axx^ 1.

Let ¿z e B n Fn and set b = bxb2■ ■ ■ bjb* with b^Bn Üt, I SiSn, and b* e B2.

Let a e A%x. Then /5=/5a and therefore

5»(5«)-i = /5f/5ri . . ■b%b-1eB2 n 17 £ C^J.) = 1.
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Hence E* = b*â and 5( = 5f, 1 ¿i^n. Since Ax acts regularly on Ux, Si —I. Since Fis

an elementary abelian 2-group, A2 = l and hence b*2 = l. Since b0 is the only in-

volution in B2, CAl(b0) = 1, and ä e CÄ1(b*), we must have b* = 1. Thus b = b2- ■ -bn.

Hence

BnTxx^(Bn U2)---(Bn Un).

Since Fu = (F n Fu)-4, A = AX x ¿2,and ¿2 centralizes Txx, we have Fn = (Fn Fu)^.

Therefore fn£(F n E7a)*i- • (B n Ün)Äx = Ü2- ■ ■ Ün. Hence [Tu, Ux]çB3.

Let ZgFh, ueUx, and ae¿?1. Let g = u-1t~1ut. Then ge [Fn, Ux]çB3

= CB(¿a)£CB(a). Therefore

u-xrxut = g = ga = (u-iy(rxyuata = (w-1)a/-Vi.

Hence m"«-1 g 0^(0- Since t was arbitrary, m"«-1 g CVl(Txx). Let ^=00-^!).

Then V is ¿i-invariant. Hence either V=l, or V=UX. Suppose P=l. Then

üiü'1 = 1. Since ¿! acts regularly on Ux, 5=1. Since m was chosen arbitrarily, this

need not be the case. Therefore V= Üx. Hence Ux= VB3. Since TXX = (B n Txx)Ax,

B3^CG(TXX). Therefore UxçCG(Txl). Hence NG(TXX)=>(M*, Ux}. Since i/^A/*

and A/* is a maximal subgroup of G, Na(Txx) = G.

Let G = G/TXX. Then G = ÄBÄ and bö1äb0 = ä-1 for all à g ¿. Hence Gis of type

III. Therefore G is factorizable. Let G=Ä'XB'XÄ'X xÄ'2B'2Ä'2x ■ ■ ■ xÄ'rB'rÄ'r. Since

G is not solvable, G is not solvable. Therefore Ä'2B'2Ä'2^=l. Suppose Ä's^l, s^2.

Let A's be the inverse image in A of Ä's and let F2 be the inverse image in F of B'2.

Then for b e B'2, A'b£¿sFn£ AÍ*. As was shown above, this implies A g A/*.

Thus F2£M*. Since ¿£M*, A/* contains the inverse image of Ä'2B'2Ä'2. This is

impossible as Af* is solvable. Therefore G = B'X x Ä'2B'2Ä'2. It follows from 6.9 that G

is factorizable, a contradiction. This completes the proof of the lemma.

Lemma 8.4. G possesses a normal subgroup K such that \G/K\=2S, s^l.

Proof. Let M* = M(a*). By 8.3, M* is solvable. Hence Af* = (¿F)F0 where

T=(B n T)A<\M*. Since N*(a*)£N, NM.(A)<=M* and F^ 1. By 8.3, A0 is the only

involution in F0. Hence, by 6.10, NG(T)<=G. Since Af* is a maximal subgroup of G,

NG(T) = M*. By 5.6, |F| = |F n F|2. By 5.4(v), Fis an elementary abelian 2-group.

By 8.3, F0 is a 2-group. Therefore S=TB0 is a Sylow 2-subgroup of Af*. By 5.4(i).

CT(b0) = B n T. Therefore Cr<i)0>(z) = Ffor all teT-(Bn T).

Case 1. | T/B n T \ ± 2. Suppose T £ 5 is elementary abelian and | T \ = \ T \. Then

TT'/TçQ.x(S/T). Since A0 is the only involution in F0 and F0 n F£CB(¿)= 1,

D1(S/r) = F<A0>/F Therefore F'£F<A0> and \T'\/\TnT'\ = \TT'/T\^2. In par-

ticular, |F'|g2|FnF'|. Since |F| = |FnF|Vl and |F/FnF|^2, 2|FnF|

< |F| = |F'|. Therefore |Fn F|<|Fn 7"|. Thus there exists an element t e T n T

such that í^Fn F. Then F'£Cr<i)0>(/') = F. Since |F'| = |F|, T' = T. Thus Fis the

only elementary abelian subgroup of 5 of order |F|. Hence F char 5. Therefore
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NG(S)çNG(T)çM*. Hence S is a Sylow 2-subgroup of G. By Grün's Theorem [4,

Theorem 7.4.2],

S n [G, G] = (Sn [NG(S), NG(S)], S n [Sx, Sx]\xe G>.

Since AG(S)£M* and M*/AT is abelian,

[S, S] £ S n [NG(S), NG(S)] £ S n AT = F.

Therefore

(1) 5 n [G, G] £ <F, S n F* | x e G>.

Suppose there exists an element xe G such that SnTx£T. Then there exist

elements ue S—T and i e F such that z/=x" Jrx. Let x=aba', a, a' e A, b e B. Let

t' = a'1ta and u' = a'ua'-1. Then u' = a'(x~1tx)a'-1 = b-1t'b, t'eTa = T, and

t/'e(5'-F)a'~1£jv/*-F. Now B nTçCa(b-1t'b) = CG(u'), and CM.(BnT)

= CA(T)TB0. Therefore u' = axtxbx with a! e C¿(F), íj e F, and /^ e fi0. Hence

bxaxitxitxaxbx = axtxbxtxaxbx = axtxbxaxtxbx = u'2 = b~1t'2b = 1.

Therefore bx2 = abxU^txaxe B0 n ATçB0 n F=l. Since A n T=l,abiax = tb>-tx=l.

Suppose bx = 1. Then a\ = 1 and therefore ax = 1. Then m' = axtxbx = tx e T, a contra-

diction. Therefore bx^=l. Since ¿z0 is the only involution in B0, bx = b0. Therefore,

since /?! = ?!, txeCT(bQ) = BC\T. Hence t' = bu'b'1 = baxtxbxb-1 = baxb-1txbx. In

particular, baxb~1eS. Since |/1| is odd, ai—1. Therefore t' = bu'b~1 = txbx = u'.

Hence zF e F, a contradiction. Therefore S n F*£ Ffor all x e G. Together with (1)

this implies S n [G, G]£F.

G possesses a normal subgroup K such that G/K^S/S n [G, G] [4, Theorem

7.3.5]. Since S is a 2-group and 5 n [G, G]£F^S, \G/K\ =2S, s^ 1.

Case 2. |F/fi n F| =2. Then |F| = |fi n F|2=4. Suppose b e B0 is of order 4.

Then ¿>2 e CG(T). But b2 is an involution, b0 is the only involution in B0, and

b0 i CG(T). Therefore B0 does not contain any elements of order 4. Hence B0

= </30> and therefore S=F</j0>. It follows that Z(S) = B n F

Let F be a Sylow 2-subgroup of G containing S. Then Z(F)£ A0(F) nP=M*

nP=S. Therefore Z(P)çZ(S) = B n F Since |finF|=2 and Z(F)^1, Z(F)

= fi n F. Let t e T- (B n F). Then CP(i) normalizes F. Therefore CP(i) = Cs(f) = F

Since F is nonabelian, \P/[P,P]\ ^ \P/<j>(P)\ ^4. Now t has |P|/|Cp(f)| = |F|/|F|

= |F|/4 distinct conjugates tx, t2,..., tm in P. Since 1, t1t~i, t2t'x,..., tj'1, are

distinct elements of [P,P], |[F, F]| ^ |F|/4. Therefore |F/[F,F]|=4. Hence P is

either dihedral, semidihedral, or generalized quaternion [4, Theorem 5.4.5]. Since

F contains more than one involution, it is not generalized quaternion.

Since CG(B nT)^S, it is not abelian. By 7.2, CG(b0) = B and therefore Ca(b0) is

abelian. Hence G has at least two conjugate classes of involutions. Furthermore,

since G is not solvable, G does not possess a normal 2-complement. Therefore G

has a normal subgroup K of index 2 [4, Theorem 7.7.3 and Exercise 7.7].
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We can now easily complete the proof of Theorem 8.1. By 8.4, G has a normal

subgroup F of index 2S^2. Since |¿| is odd, ¿£F. Therefore K=A(B n K)A.

Let //=F<A0>. Then FOG and H=A(B n H)A. Since b0eH, H is of type III.

If //<= G, then G is factorizable by 6.8. Since this is not the case, H= G. In particular,

since K<=G, b0 xt K. By 8.3, A0 is the only involution in B0 and O(B0) = 1. Hence

NBnK(A)=l and therefore NK(A) = A. By 3.4, Fis solvable. Hence G is solvable

and therefore G is factorizable, a contradiction. This contradiction completes the

proof.
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